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W hen describing the crystallography of deformation 
twins' it is convenient to make use 'of the fdurWwihnmg-., • ' , A - , A O
elements K i, K-i, >]i, >y, which together constitute a.Mmning 
mode. In  classical treatments o f  deformation twinning it js 
deduced that only two of these elements are. ifr general 
rational, type I twins having K\ and rr2 rational-and iy p a ’j 
Jl twins having 1G and jji rational. In addition, ddgenefateV
„ .cases of these types of mode may arise with e^her three 
‘ or four rational elements. I t  has recently been shown 
however (Crocker, Phil. Mag., 7, 1901, 1962) that twinning 
! modes are possible in which all four twinning-elements are 
-irrational. The crystallography of this new type of defor- 
•. motion. twinning, which involves different orientation
Twipnihg modes' of this new type may be used to explain 
the; observed crystallographic features of certain twinning 
mechanisms which cannot be adequately accounted for 
using conventional twinning modes. Examples taken from 
. severaj cry-S'tal- systems will be presented.
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SUMMARY
The g e n e ra l  d e f i n i t i o n  t h a t  a  d e fo rm a tio n  tw in  i s  a  
r e g io n  o f  a  c r y s t a l  which h as  sh e a re d  so t h a t  th e  o r i e n t ­
a t i o n  has  changed b u t  th e  s t r u c t u r e  i s  p re s e rv e d  g iv e s  
r i s e  t o  some tw in n in g  modes which do n o t  obey th e  c l a s s i c a l  
laws o f  d e fo rm a tio n  tw in n in g .  For example i n  th e  s tu d y  
o f  doub le  tw in n in g  new ty p e s  o f  tw in n in g  modes w ith  f o u r  
i r r a t i o n a l  e lem en ts  and new o r i e n t a t i o n  r e l a t i o n s h i p s  
a r i s e  i n  a l l  c r y s t a l  system s o th e r  th a n  t r i c l i n i c *  In  
th e  d o u b le  tw in n in g  mechanisms d i s c u s s e d ,  th e  s im p le  
e q u iv a le n t  modes which a r e  o f  t h i s  ty p e  do n o t  g iv e  th e  
tw in  s t r u c t u r e  d i r e c t l y  b u t  in v o lv e  atom ic s h u f f l i n g .
However by c o n s id e r in g  th e  s h e a r in g  o f  a  sq u a re  l a t t i c e  
i n t o  i t s e l f  b u t  w i th  a  d i f f e r e n t  o r i e n t a t i o n  i t  i s  shown 
t h a t  i t  i s  p o s s i b l e  f o r  t h i s  new ty p e  o f  mode t o  a r i s e  i n  
which a l l  l a t t i c e  s i t e s  s h e a r  t o  t h e i r  c o r r e c t  tw in  p o s i t i o n s .  
T h is  s tu d y  a l s o  i n d i c a t e s  t h a t  n o m in a lly  compound tw in n in g  
modes w ith  f o u r  r a t i o n a l  e lem en ts  and complex s h u f f l e  
mechanisms need in- f a c t  in v o lv e  no s h u f f l i n g  i f  o r i e n t a t i o n  
r e l a t i o n s h i p s ,  o th e r  th a n  th o s e  g e n e r a l l y  assum ed, a r e  
p e r m i t t e d .
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1 . I n t r o d u c t io n
The m acroscop ic  shape d e fo rm a tio n  a s s o c ia t e d  w ith  
d e fo rm a tio n  tw in n in g  i s  a  s im p le  s h e a r .  The tw in n in g  
e l e m e n ts , which d e f in e  a g iv e n  tw in n in g  mode may th u s  be 
r e a d i l y  d e f in e d  by c o n s id e r in g  th e  s h e a r  o f  a sp h e re  i n t o  
an e l l i p s o i d  as i l l u s t r a t e d  i n  f i g u r e  1 ( 1 ) .  Thus two 
p la n e s  of t h e  sp h e re  rem ain  u n d i s t o r t e d  under  th e  deform ­
a t i o n .  One o f  th e s e  p la n e s  i s  th e  s h e a r  o r  tw in n in g  p la n e  
i t s e l f  and i s  d en o ted  by This p la n e  i s  u n r o ta t e d  i n
a d d i t i o n  t o  b e in g  u n d i s t o r t e d  and i s  th u s  t r u l y  i n v a r i a n t .  
The second u n d i s t o r t e d  ( b u t r o t a t e d ) *  p la n e  o f  th e  s im p le  
s h e a r  i s  deno ted  by and th e  p la n e  p e r p e n d ic u la r  to  
and Kp i s  c a l l e d  th e  p la n e  o f  s h e a r  and i s  d en o ted  by S , 
This p la n e  c l e a r l y  c o n ta in s  th e  s h e a r  o r  tw in n in g  d i r e c t i o n  
V i  and i n t e r s e c t s  i n  t h e  d i r e c t i o n  A mode o f
d e fo rm a tio n  tw in n in g  i s  c o m p le te ly  d e f in e d  by th e  e lem en ts  
and ^  ^ b u t  i t  i s  u s u a l  to  quo te  th e  f o u r  e lem en ts  
%  k2 ' n x V  C o rrespond ing  to  t h i s  tw in n in g  mode t h e r e  
e x i s t s  a r e c i p r o c a l  o r  c o n ju g a te  tw in n in g  m ode,w ith  th e
Ko and a r e  th u s  c a l l e d  th e  r e c i p r o c a l  tw in n in g  p la n e  
and r e c i p r o c a l  tw in n in g  d i r e c t i o n  r e s p e c t i v e l y .
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The fo re g o in g  d e s c r i p t i o n  o f  d e fo rm a tio n  tw in n in g  i n  
te rm s o f  th e  homogeneous d e fo rm a tio n  o f  a  sp h e re  i n t o  an 
e l l i p s o i d  does n o t  p ro v id e  any in fo rm a t io n  on th e  c r y s t a l l o -  
g ra p h ic  f e a t u r e s  o f  d e fo rm a tio n  tw ins*  The most g e n e ra l  
d e f i n i t i o n  o f  d e fo rm a tio n  tw in n in g  i n  a c r y s t a l  i s  t h a t  a 
r e g io n  undergoes  a homogeneous s h e a r  i n  such a way t h a t  th e  
s t r u c t u r e  i s  rep ro d u ced  i n  a d i f f e r e n t  o r i e n t a t i o n .  However 
i n  o rd e r  to  d e te rm in e  th e  r e s t r i c t i o n s  which a g iv e n  c r y s t a l  
s t r u c t u r e  imposes on th e  tw in n in g  e lem ents ,,  and hence th e  
tw in n in g  s h e a r  g ,  th e  c l a s s i c a l  t r e a tm e n t s  o f  d e fo rm a tio n  
tw in n in g  (2 -4 )  make th e  a d d i t i o n a l  assum ption  t h a t  a  c e r t a i n  
c e l l  o f  th e  p a r e n t  l a t t i c e  e x i s t s  which s h e a rs  t o  become 
a c r y s t a l l o g r a p h i c a l l y  e q u iv a le n t  c e l l  o f  th e  tw in .  The th r e e  
v e c to r s  d e f in in g  t h i s  c e l l  must a l l  l i e  i n  th e  u n d i s t o r t e d  
p la n e s  and th u s  two ty p e s  o f  tw in n in g  a r i s e  ( 5 )?
Type I  tw in n in g  has  two c e l l  edges i n  and Type I I  tw in n in g  
has two c e l l  edges i n  K^. I t  i s  r e a d i l y  shown (5 )  t h a t  th e  
t h i r d  c e l l  edge i n  t h e  two c a s e s  must be an<  ^ 2
r e s p e c t i v e l y ,  and th u s  and a r e  a u to m a t ic a l ly  r a t i o n a l  
e lem ents i n  Type I  tw in n in g  and and a re  a u to m a t ic a l ly  
r a t i o n a l  i n  Type I I  tw in n in g .  I n  g e n e ra l  however th e  o th e r  
e lem ents a r e  i r r a t i o n a l  b u t  d e g e n e ra te  modes r known as 
compound modes, may a r i s e  i n  which a l l  f o u r  tw in n in g  e lem en ts  
a re  r a t i o n a l .
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The a d d i t i o n a l  assum ption  t h a t  t h e r e  e x i s t s  one p a r e n t  
c e l l  which s h e a r s  i n t o  an e q u iv a le n t  tw in  c e l l  a l s o  im p l ie s  
t h a t  th e  o r i e n t a t i o n  r e l a t i o n s h i p  betw een p a r e n t  and tw in  
i s  r e s t r i c t e d  t o  one o f  f o u r  p o s s i b i l i t i e s  ( 5 ) .  These a re  
r e f l e c t i o n  i n  an(  ^ n o t a t i o n  of  it about th e  normal to  
f o r  Type I  twinning,,, and r o t a t i o n  o f  n a b o u t a n d  r e f l e c t i o n  
i n  th e  p la n e  normal t o  yh  f o r  Type I I  tw in n in g .  I n  c e n t r o -  
symmetric s t r u c t u r e s  th e  two Type I  o r i e n t a t i o n  r e l a t i o n s h i p s  
become i d e n t i c a l ,  as  do th e  two Type I I  r e l a t i o n s h i p s ,  and 
th u s  i n  g e n e ra l  o n ly  one o r i e n t a t i o n  r e l a t i o n s h i p  i s  p o s s i b l e .  
However a l l  f o u r  r e l a t i o n s h i p s  may o p e ra te  i n  compound tw in s  
and th u s  two n o n -e q u iv a le n t  r e l a t i o n s h i p s  a r i s e  f o r  tw in s  
o f  t h i s  ty p e  i n  ce n tro -sy m m e tr ic  s t r u c t u r e s .  I t  i s  i n  f a c t  
l i k e l y  t h a t  t h e  o p e r a t iv e  o r i e n t a t i o n  r e l a t i o n s h i p  i n  many 
compound tw in s  i n  m e ta ls  i s  r o t a t i o n  o f  m abou t and n o t  
r e f l e c t i o n  i n  as i s  u s u a l l y  assumed (6 ) ,  However th e s e  
two r e l a t i o n s h i p s  a re  a g a in  i d e n t i c a l  when one c o n s id e r s  th e  
tw in n in g  o f  l a t t i c e s .  Some t r e a tm e n t s  o f  d e fo rm a tio n  tw in n in g  
u se  th e  group o f  f o u r  p o s s i b l e  o r i e n t a t i o n  r e l a t i o n s h i p s  as 
th e  b a s i c  d e f i n i t i o n  of  d e fo rm a tio n  tw in n in g  ( 7 *8 )#
I n  s in g l e  l a t t i c e  s t r u c t u r e s  th e  tw in n in g  s h e a r  may 
ta k e  a l l  th e  atoms d i r e c t l y  from p a r e n t  s i t e s  t o  tw in  s i t e s  
so t h a t  t h e  p a r e n t  s t r u c t u r e  i s  re p ro d u ced  e x a c t l y .  I t  may
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be th e  ca se  however t h a t  o n ly  a f r a c t i o n  o f  t h e  atoms a re  
sh e a red  c o r r e c t l y  and a  c e r t a i n  amount o f  a tom ic s h u f f l i n g  
i s  th e n  n e c e s s a r y .  I n  f a c t  i n  m u l t ip le  l a t t i c e  s t r u c t u r e s  
s h u f f l i n g  canno t i n  g e n e ra l  be avo ided  (6 ~8 ) and th e  s tu d y  
of th e  s h u f f l i n g  mechanisms a s s o c ia te d  w ith  tw in n in g  i n  
d i f f e r e n t  c r y s t a l  s t ru c tu re s , ,  p la y s  an im p o r ta n t  p a r t  i n  th e  
t h e o r i e s  o f  th e  c r y s t a l l o g r a p h y  of d e fo rm a tio n  tw in n in g ,
Some examples o f  s h u f f l e  mechanisms i n  doub le  l a t t i c e  
s t r u c t u r e s  a r e  g iv e n  i n  f i g u r e  2 ,
I f  th e  a d d i t i o n a l  a s su m p tio n ,  t h a t  a  c e r t a i n  p a r e n t  
c e l l  s h e a r s  i n t o  a c r y s a l b g r a p h i c a l l y  e q u iv a le n t  tw in  c e l l ,  
i s  n o t used  when exam ining th e  c r y s t a l l o g r a p h y  o f  d e fo rm a tio n  
tw in n in g  i t  i s  p o s s i b l e  f o r  tv /inn ing  modes to  a r i s e  which do 
n o t obey th e  c r y s t a l l o g r a p h i c  r e s t r i c t i o n s  g iv e n  above and 
which a re  n o t  governed by one o f  t h e  f o u r  c l a s s i c a l  o r i e n t ­
a t i o n  r e l a t i o n s h i p s .  F o r  exam ple, i n  th e  s tu d y  o f  th e  
phenomenon o f  doub le  tw in n in g  ( 9 >1 0 ) ,  i n  which two tw in n in g  
sh e a rs  a r e  combined to  g iv e  a s i n g l e  r e s u l t i n g  d e fo rm a t io n ,  
i t  i s  found t h a t  th e  s im p le  e q u iv a le n t  tw in n in g  mode some­
tim es has fo u r  i r r a t i o n a l  e lem en ts  ( 1 0 ) ,  In  t h i s  p a p e r  we 
d is c u s s  some examples o f  tw in n in g  modes o f  t h i s  ty p e  which 
may a r i s e  i n  d i f f e r e n t  c r y s t a l  s t r u c t u r e s .  However i t  i s  
f i r s t  c o n v e n ie n t  t o  summarise th e  ty p e s  o f  c o n v e n t io n a l
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tw in n in g  mode which may a r i s e  i n  th e  seven  c r y s t a l  system s 
and t h i s  i s  done i n  s e c t i o n  2.# A b r i e f  accoun t o f  th e  
th e o ry  o f  doub le  tw in n in g  i s  th e n  p r e s e n te d  i n  s e c t i o n  3 
and examples o f  th e  new ty p e  o f  tw in n in g  mode a re  d is c u s s e d  
i n  s e c t i o n  4 #. The g e n e ra l  problem  of  d e te rm in in g  th e  way 
i n  which a l a t t i c e  can be sh e a red  to  rep ro d u ce  i t s e l f  i n  a 
new o r i e n t a t i o n  w ith o u t  any s h u f f l i n g  of l a t t i c e  p o in t s  
i s  examined i n  s e c t i o n  3 *
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2 . C onven tiona l Twinning; Modes i n  th e  Seven C ry s ta l  System s.
In  t h i s ,  s e c t i o n  we c o n s id e r  which ty p e s  of tw in n in g  
mode may a r i s e  i n  t h e  d i f f e r e n t  c r y s t a l  sy s te m s . I f  Type I  
tw in n in g  can occur i t  a u to m a t ic a l ly  fo l lo w s  t h a t  Type I I  
tw in n in g  i s  a l s o  c r y s t a l l o g r a p h i c a l l y  p o s s i b l e  as  th e  
r e c i p r o c a l  o f  a  Type I I  mode i s  c l e a r l y  o f  Type I  (5)*
I t  i s  th u s  on ly  n e c e s s a ry  to  c o n s id e r  i n  which system s Type I  
and compound modes can a r i s e .  As a tw in n in g  mode i s  u n iq u e ly  
d e f in e d  by and V 2 we assume th e s e  two e lem en ts  to  be 
r a t i o n a l  and c o n s id e r  th e  r a t i o n a l i t y  o f  and
U sing  th e  n o t a t i o n  o f  th e  t e n s o r  c a lc u lu s  and
ir e p r e s e n t in g ' i i and "by th e  d i r e c t  l a t t i c e  v e c to r s  u  
and v1 , and and by th e  r e c i p r o c a l  l a t t i c e  v e c to r s  
h^ and k^ ( i  « 1 , 2 , 3 ) we have and g iv e n  by
K2 = < cpq^ >  h i  "  (v ° V  ° i k  ^  --------(1 )
'Tji = u 1 = ( v a* h j  ) c^ h -^  -  (cpq kph^) v 1 —----- —( 2 )
where c and cpq a r e  th e  m e t r i c s  o f  th e  d i r e c t  andPU
r e c i p r o c a l  l a t t i c e  b a se s  r e s p e c t i v e l y  ( 6 ,1 1 ) .  E q u a tio n s  
(1 ) and ( 2 ) c o n ta in  th e  r a t i o n a l  e lem en ts  v1 and h^ and 
a lso  th e  m e t r ic s  c. . and c 1 1^. Only i n  th e  ca se  o f  th e  
cubic system  a re  a l l  th e  e lem e n ts  o f  th e s e  m e t r i c s  r a t i o n a l ,  
and th u s  i n  t h i s  system  k^ and v 1 must be r a t i o n a l  and o n ly
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compound modes can  a r i s e .  In  th e  o th e r  system s compound 
tw in s  a r e  p o s s i b l e  on ly  when th e  v1 and hj_ e lem en ts  obey 
c e r t a i n  r e s t r i c t i o n s .  These r e s t r i c t i o n s  e f f e c t i v e l y  make 
b o th  th e  p la n e  of  s h e a r  and th e  normal to  t h i s  p la n e  
r a t i o n a l *  Thus i n  th e  t r i c l i n i c  system  compound modes 
a re  n o t  p o s s i b l e  a t  a l l ,  and i n  th e  m o n o c lin ic  system  th e  
p la n e  o f  s h e a r  must be (0 0 1 ) .  A wide ran g e  o f  p la n e s  o f  
sh e a r  a re  p o s s i b l e  however i n  th e  o th e r  c r y s t a l  sy s tem s .
The compound mode i n  which a l l  f o u r  tw in n in g  e lem en ts  
a re  r a t i o n a l  , i s  a  d e g e n e ra te  c a se  o f  t h e  Type I  o r  Type I I  
mode which have on ly  two r a t i o n a l  e le m e n ts .  O ther d e g e n e ra te  
cases  can a r i s e  however i n  which t h r e e  e lem en ts  a re  r a t i o n a l  
and some examples a r e  g iv e n  i n  t a b l e  1 (6 ) .  I t  i s  n o t 
g e n e r a l ly  a p p r e c ia t e d  t h a t  th e s e  modes can occur i n  p r a c t i c e .  
The examples i n d i c a t e  t h a t  a r a t i o n a l  p la n e  does n o t  
a u to m a t ic a l ly  im ply  t h a t  i s  r a t i o n a l  and i l l u s t r a t e  
th e  im portance  o f  a  r ig o u ro u s  s tu d y  of t h e  c r y s t a l l o g r a p h y  
of an observed  tw in n in g  mechanism b e fo re  s p e c i f y in g  th e  
o p e r a t iv e  tw in n in g  e le m e n ts .
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3 . Double Twinning;
As e x p la in e d  i n  th e  i n t r o d u c t i o n ,  tw in n in g  modes, 
which do n o t  e x h i b i t  th e  c h a r a c t e r i s t i c  f e a t u r e s  o f  t h e  
c l a s s i c a l  modes d is c u s s e d  i n  s e c t i o n  2 , may a r i s e  when 
th e  s im ple  e q u iv a le n t  tw in n in g  modes o f  some d o u b le -  
tw in n in g  p ro c e s s e s  a r e  d e te rm in e d .  We s h a l l  th u s  
summarise h e re  th e  b a s ic  f e a t u r e s  o f  doub le  tw in n in g .
The n u c le u s  of  a doub le  tw in  i s  formed when a sm all 
r e g io n  o f  p r im a ry  tw in ,  p roduced  by a s h e a r  on one tw in n in g  
p la n e ,  r e “t w i n s , by means o f  a  s h e a r  on a d i f f e r e n t  p la n e  
( 9 ) .  This n u c le u s  may s u b s e q u e n t ly  grow i n t o  a band o f  
doubly  tw inned  m a te r i a l  on a h a b i t  governed by th e  combined 
a c t io n  of  th e  two sh e a rs*  The c r y s t a l l o g r a p h i c  f e a t u r e s  
of such a doub ly  tw inned  band may be p r e d ic t e d  u s in g  a 
th e o ry  ( 1 0 ) which assumes t h a t  th e  i n t e r f a c e  betw een th e  
p a r e n t  and th e  doub ly  tw inned  m a te r i a l  i s  i n v a r i a n t*  As 
th e r e  i s  no volume change a s s o c ia t e d  w ith  th e  two tw in n in g  
s h e a r s , t h e  r e s u l t i n g  d e fo rm a tio n  must th e n  be e q u iv a le n t  
to  a s im p le  s h e a r  and , as t h e r e  i s  no change i n  c r y s t a l  
s t r u c t u r e ,  t h i s  s im p le  s h e a r  must be a tw in n in g  s h e a r .
(We a re  of c o u rse  assum ing h e re  th e  g e n e ra l  d e f i n i t i o n  of 
d e fo rm a tio n  tw in n in g ,  t h a t  a tw in  i s  a s h e a re d  r e g io n  w ith  
th e  same c r y s t a l  s t r u c t u r e  as th e  p a r e n t  b u t  d i f f e r e n t l y
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o r i e n t e d ) .  Thus th e  doub le  tw in n in g  p ro c e s s  i s  e q u iv a le n t
to  a s im ple  tw in n in g  s h e a r  and th e  th e o r y  e n a b le s  th e  tw in n in g
mode which d e s c r ib e s  t h i s  s h e a r  to  be d e te rm in e d .  The ch o ic e
of th e  two tw in n in g  modes which combine t o  p roduce  a doub le
tw in  i s  n o t  a r b i t r a r y  however as th e  h a b i t  o f  a doub le  tw in
can on ly  be an i n v a r i a n t  p la n e  i f  th e s e  two modes have th e  
o f
same p la n e / s h e a r  ( 1 0 ) ,  This im p l ie s  t h a t  th e  two modes must 
be compound so t h a t  b o th  th e  p la n e  of s h e a r  and th e  norm al 
to  th e  p la n e  of s h e a r  must be r a t i o n a l  ( 1 0 ) ,  This im m ed ia te ly  
i n d ic a te s  t h a t  d o ub le  tw in n in g  canno t occur i n  th e  t r i c l i n i c  
system w hich , as d i s c u s s e d  i n  s e c t i o n  1 , has  no compound modes. 
However doub le  tw in n in g  mechanisms can occur i n  a l l  o f  th e  
o th e r  c r y s t a l  sy s te m s .
When u s in g  th e  d o u b le  tw in n in g  th e o r y  t o  d e te rm in e  th e  
simple e q u iv a le n t  tw in n in g  mode o f  a  doub le  tw in n in g  mechanism, 
i t  i s  n o t n e c e s s a ry  t o  d i s t i n g u i s h  betw een th e  o p e r a t iv e  
tw inning modes and t h e i r  r e c i p r o c a l s ,  as a theorem  has  been  
g iven ( 1 0 ) ,  which s t a t e s  t h a t  two double  tw in n in g  mechanisms 
which have f i r s t  tw in n in g  s h e a r s  which a re  e i t h e r  t h e  same 
or r e c i p r o c a l  t o  each  o th e r , ,  and second s h e a r s  which a re  
e i th e r  th e  same o r  r e c i p r o c a l  to  each o th e r , ,  have s im p le  
eq u iv a le n t  tw in n in g  modes which a re  i d e n t i c a l .
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As m entioned i n  th e  i n t r o d u c t i o n ,  doub le  tw in n in g  
mechanisms sometimes g iv e  r i s e  to  s im p le  e q u iv a le n t  tw in n in g  
modes w ith  fo u r  i r r a t i o n a l  e lem en ts  ( 1 0 ) ,  These modes 
cannot obey th e  c o n v e n t io n a l  o r i e n t a t i o n  r e l a t i o n s h i p s  of  
d e fo rm atio n  tw in n in g  and th u s  th e  p a r e n t  and p ro d u c t  l a t t i c e s  
a re  n o t r e l a t e d  by r e f l e c t i o n  i n  K^. The M i l le r  in d ic e s  of 
th e  tw in n in g  p la n e  r e f e r r e d  to  th e  p a r e n t  s t r u c t u r e  a re  th u s  
d i f f e r e n t  from th o s e  r e f e r r e d  t o  th e  p ro d u c t  s t r u c t u r e  so 
t h a t ,  f o r  a  g iv e n  tw in n in g  mode,, f o u r  tw in n in g  p la n e s  may be 
d e f in e d  and th e  m agnitude o f  th e  tw in n in g  sh e a r  i s  t h e  same 
f o r  a l l  f o u r  p l a n e s .  For a g iv e n  doub le  tw in n in g  mechanism 
th e  p ro d u c t  s t r u c t u r e  can o n ly  o ccu r  on two o f  th e  f o u r  
p o s s ib le  h a b i t s  how ever, b u t ,  i f  th e  o rd e r  o f  t h e  s h e a r s  i s  
r e v e r s e d ,  th e  o th e r  two h a b i t s  a r i s e .
Examples of th e  New Type o f  Twinning.
The f i r s t  example o f  doub le  tw in n in g  i n v e s t i g a t e d  
t h e o r e t i c a l l y  ( 1 0 ) was t h e  mechanism which i s  r e p o r t e d  t o  ., 
give r i s e  to  bands on p la n e s  n e a r  ^3034-j and | 2 02?^ i n  
magnesium ( 9 )* The o p e r a t iv e  tw in n in g  modes a r e :
(A) flO ll}  Jl013 j  < 1012 > < 3032 >,
(B) {1012} | 10123 < 1 0 1 1  > < 1011 >.
The p o s s i b l e  tw in n in g  s h e a r s  a s s o c ia t e d  w ith  th e s e  modes may
be combined t o  g iv e  two d i f f e r e n t  s im ple  e q u iv a le n t  tw in n in g  
modes. The f i r s t  in v o lv e s  tw in n in g  on (1011) fo l lo w e d  by
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tw in n in g  on ( 1 0 1 1 ) ,  o r  s h e a r s  on p la n e s  r e c i p r o c a l  t o  
t h e s e ,  and i s  a p a r t i c u l a r l y  d e g e n e ra te  ca se  r e s u l t i n g  i s  
a s im ple  e q u iv a le n t  tw in n in g  mode which i s  c r y s t a l l o -  
g r a p h ic a l ly  e q u iv a le n t  to  mode A. The second mode has 
fo u r  i r r a t i o n a l  e lem en ts  and does th u s  n o t  obey th e  u s u a l  
tw in n in g  la w s .  Two i r r a t i o n a l  h a b i t s ,  making a n g le s  o f  
26°34-! and w ith  th e  p a r e n t  Mjg b a s a l  p l a n e ,  a r i s e
i f  a tw in n in g  s h e a r  from, mode A p re c e d e s  a s h e a r  from  mode 
B. These h a b i t s  make a n g le s  o f  4-9°0t and ~33°39! r e s p e c t i v e l y  
w ith  th e  b a s a l  p la n e  i n  th e  doub le  tw in .  I f  th e  o rd e r  o f  
th e  tw in n in g  s h e a r s  i s  r e v e r s e d ,  mode B p re c e d in g  mode A, 
th e s e  a n g le s  a r e  r e v e r s e d ,  th e  h a b i t s  making 4*9°0! and 
~33° 3 9 » wi t h  t h e  p a r e n t  b a s a l  p l a n e .  The f o u r  h a b i t s  a r e  
shown i n  f i g u r e  3 *
I t  w i l l  be n o te d  from f i g u r e  3 t h a t  th e  s h u f f l e  
mechanisms a s s o c i a t e d  w ith  t h i s  new ty p e  o f  tw in n in g  mode 
are  com plex, o n ly  one i n  f o u r  of  th e  l a t t i c e  p o in t s  s h e a r in g  
to  c o r r e c t  tw in  p o s i t i o n s  i n  th e  p la n e  o f  s h e a r  shown. This 
i s  due to  th e  f a c t  t h a t  s h u f f l i n g  o f  l a t t i c e  p o in t s  must 
occur i n  each o f  th e  component tv /inn ing  modes A and B.
The a n a ly s i s  o f  d oub le  tw in n in g  i s  e s s e n t i a l l y  tw o- 
d im ensiona l as b o th  s h e a r s  have th e  same p la n e  o f  s h e a r .
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The example o f  th e  new ty p e  of  tw in n in g  mode g iv e n  above i s  
thus r e l e v a n t  t o  a l l  s t r u c t u r e s  which have l a t t i c e  p o in t s  
d i s t r i b u t e d  on a r e c t a n g u l a r  n e t  i n  th e  o p e r a t iv e  p la n e  o f  
shear* I t  i s  th u s  c l e a r  t h a t  tw in n in g  modes w ith  fo u r  
i r r a t i o n a l  e lem en ts  can a r i s e  i n  c u b i c t e t r a g o n a l , o r th o r~  
hombic and rhom bohedral m a t e r i a l s  i n  a d d i t i o n  to  hexagonal 
m a te r ia ls  such as magnesium. I t  i s  n o t obvious however t h a t  
th is  ty p e  o f  mode can be a s s o c ia t e d  w ith  a \1 0 0 1 p la n e  of  
shear i n  cub ic  s t r u c t u r e s  as th e  tw o -d im en s io n a l l a t t i c e  i s  
in  t h i s  ca se  square*  T h is  example i s  o f  p r a c t i c a l  i n t e r e s t  
as d e fo rm atio n  tw in n in g  on a p la n e  n e a r  ^0 8 9 j b.as r e c e n t l y  
been r e p o r te d  i n  c e r t a i n  i r o n  a l l o y s ( 1 2 ) .  These were 
o r ig in a l ly  c la im ed  to  be Type I I  tw in s  on an i r r a t i o n a l  
plane b u t ,  as shown i n  s e c t i o n  2 , a l l  c o n v e n t io n a l  tw in s  i n  
cubic s t r u c t u r e s  must be compound. The q u e s t io n  th u s  a r i s e s  
whether th e s e  tw in s  can be produced  by a mechanism in v o lv in g  
a tw inn ing  mode w i th  fo u r  i r r a t i o n a l  e lem en ts  and {lOO} as 
plane of s h e a r .
S e v e ra l  h y p o th e t i c a l  tw in n in g  modes o f  t h e  cu b ic  
s t r u c tu r e  w i th  {lOO} as p la n e  o f  s h e a r  were chosen  which 
involved tw in n in g  s h e a r s  w ith  m agnitudes £ 2 and f a i r l y  
simple s h u f f l e  m echanism s. These were u sed  as d a t a  f o r  th e  
double tw in n in g  th e o r y  and th e  r e s u l t i n g  s im p le  e q u iv a le n t  
tw inning modes exam ined. Most o f  th e  mechanisms r e s u l t  i n
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twinning inodes o f  th e  new ty p e  w ith  f o u r  i r r a t i o n a l  e le m e n ts ,  
but c o n v e n t io n a l  compound modes a l s o  o c c u r .  Many o f  th e s e  
simple e q u iv a le n t  tw in n in g  modes have v e ry  h ig h  s h e a r s  and
complex s h u f f l e  mechanisms b u t  a few a r e  c o m p a ra t iv e ly  sim ple*
In p a r t i c u l a r  th e  mechanisms in v o lv in g  th e  two modes
(C) {012j fpl(# < 021 > < 001 >
, (D) {013} {0 1 0 } < 031 > < O il  >
r e s u l t  i n  one h a l f  o f  th e  l a t t i c e  p o in t s  o f  th e  s im p le  cu b ic  
l a t t i c e  b e in g  sh e a re d  d i r e c t l y  t o  c o r r e c t  tw in  p o s i t i o n s  and 
have a s h e a r  o f  3 /  One o f  th e  i r r a t i o n a l  h a b i t s  o f
th is  mode i s  i l l u s t r a t e d  i n  f i g u r e  4 ,  This h a b i t ,  which makes
an angle of -  30°221 w ith  th e  p a r e n t  (001) p l a n e ,  a r i s e s  when 
a shear a s s o c ia te d  w ith  mode C p re c e d e s  a s h e a r  o f  mode D.
The o th e r  p o s s i b l e  h a b i t  i s  a t  -  73°4-0! and th e  h a b i t s  which 
a r ise  when mode D p re c e d e s  mode C a re  a t  -  14 °3 8 f and +28°40f 
with th e  (001) p la n e *  I t  i s  th u s  p o s s i b l e  f o r  tw in n in g  modes 
of th e  new ty p e  t o  occu r w ith  p la n e s  o f  s h e a r  c o n s i s t i n g  of  
a square n e t  o f  l a t t i c e  p o i n t s .  However none o f  th e  h a b i t s  
which were d e te rm in ed  ag reed  v e ry  c l o s e l y  w ith  th e  observed  
JO89} tw in n in g  p la n e  o f  th e  i r o n  a l l o y s .
As y e t  we have n o t  c o n s id e re d  w hethe r  th e  new ty p e  o f
twinning mode can a r i s e  i n  m o n o c lin ic  s t r u c t u r e s *  The on ly  
p o ss ib le  p la n e  o f  s h e a r  f o r  doub le  tw in n in g  i n  th e s e  s t r u c t u r e s
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i s  (0 0 1 ) ,  and i t  i s  n o t  p o s s i b l e  t o  choose a r e c t a n g u la r  
network o f  l a t t i c e  p o in t s  i n  t h i s  p la n e .  Two h y p o th e t i c a l  
compound tw in n in g  modes w ith  t h i s  p la n e  o f  s h e a r  can be 
r e a d i ly  chosen  and i n  g e n e ra l  th e  e x p re s s io n s  g iv in g  th e  
simple e q u iv a le n t  tw in n in g  mode in v o lv e s  th e  a n g le  o f  th e  c e l l ,  
so t h a t  th e  p r e d ic t e d  h a b i t s  a r e  i r r a t i o n a l *  Twinning modes 
with fo u r  i r r a t i o n a l  e lem en ts  can th u s  a l s o  o ccu r i n  m onoc lin ic  
s t r u c t u r e s .
One f e a t u r e  of t h e  r e s u l t s  which was v e ry  marked was 
th a t  a l l  o f  t h e  tw in n in g  modes o f  th e  new ty p e  which were 
found r e q u i r e d  some s h u f f l i n g  o f  l a t t i c e  p o in t s  fo l lo w in g  
the tw inn ing  shear*  I t  was th u s  d ec id ed  t o  i n v e s t i g a t e  
whether t h i s  was an in h e r e n t  f e a t u r e  o f  th e  doub le  tw in n in g  
mechanisms, and of tw in n in g  modes w ith  f o u r  i r r a t i o n a l e l e m e n t s , 
or whether tw in n in g  modes o f  t h i s  ty p e  cou ld  be found which 
involve no s h u f f l i n g .  A r e l a t e d  q u e s t io n  which a r i s e s  i s  
whether i t  i s  p o s s i b l e  t o  s h e a r  a l a t t i c e  on any i r r a t i o n a l  
plane so t h a t  th e  l a t t i c e  i s  r e s t o r e d  i n  a  new o r i e n t a t i o n .
I t  a t  f i r s t  seemed c l e a r  t h a t  t h i s  must be p o s s i b l e  as  a l l  
r a t io n a l  p l a n e s ,  even th o s e  w ith  v e ry  h ig h  i n d i c e s ,  can  
operate as tw in n in g  p l a n e s .  However th e  tw in n in g  s h e a r  i s  
of n e c e s s i ty  v e ry  h ig h  f o r  a h ig h - in d e x e d  r a t i o n a l  p l a n e ,
i f  th e s e  i n d ic e s  a r e  a l low ed  t o  te n d  t o  i n f i n i t y ,  so t h a t
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the p lan e  becomes i r r a t i o n a l , ,  th e  tw in n in g  s h e a r  a l s o  te n d s  
to i n f i n i t y  and th u s  no r e a l  tw in n in g  s h e a r  a r i s e s .  The 
question th u s  h as  t o  be c o n s id e re d  from f i r s t  p r i n c i p l e s .
An i n v e s t i g a t i o n  o f  th e s e  problem s i s  a t  p r e s e n t  b e in g  
ca rr ied  ou t f o r  th e  ca se  o f  a g e n e ra l  th r e e -d im e n s io n a l  
l a t t i c e ,  b u t  some i n t e r e s t i n g  r e s u l t s  can be o b ta in e d  by 
considering  th e  s p e c i a l  ca se  o f  a  tw o -d im en s io n a l sq u a re  
l a t t i c e .  This  work i s  d i s c u s s e d  i n  s e c t i o n  5*
5* Shear  o f  a Square L a t t i c e .
C onsider th e  sq u a re  l a t t i c e  shown i n  f i g u r e  5 t o  
shear on a p la n e  which makes an an g le  t a n  w i th  t h e  
h o r izo n ta l  so t h a t  th e  p r i m i t i v e  sq u a re  c e l l  OABC becomes 
the p r im i t iv e  c e l l  OA’B ^ 1. I f  t h e  c e l l  edges 0A! and OC1 
are equal t o  t h e  l e n g th s  a and c o f  two p r i m i t i v e  l a t t i c e  
vectors a and c, o f  th e  sq u a re  l a t t i c e  and th e  a n g le  between 
OA1 and 0Cf i s  th e  an g le  betw een a and c , th e n  th e  l a t t i c e  
is r e s to r e d  by  th e  s h e a r .  We w ish  t o  d e te rm in e  f o r  what 
values o f  k t h i s  ty p e  o f  s h e a r  can occu r  and what k in d s  o f  
twinning mode a r i s e *
From th e  f i g u r e  we have
a2 = 1 + g2/ ( l  + k2 ) -  2 g k / ( I  + k2 ) ,   (3)
o2 = i  + g2k2/ ( l  + k2) + 2 g k / ( l  + k2 )  (4 )
16
and thus
(5)
(a2- l ) 2k4  ~ 2  { (a 2 - l ) ( c 2 - l )+ 2  (^(a2 - l ) + ( c 2- l ) j }  k 2 + (c 2 ~ l ) 2= 0
As a and c. a r e  p r i m i t i v e  l a t t i c e  v e c to r s  of a  sq u a re  l a t t i c e
where m ,n , r , s  a r e  i n t e g e r s  such  t h a t  b o th  m and n a r e  n o t 
even and s i m i l a r l y  f o r  r  and s .  Taking d i f f e r e n t  com bina tions  
of m ,n , r , s  t h r e e  d i f f e r e n t  ty p e s  o f  tv /inn ing  mode a r i s e *
These a re  t
1) C o n v en tio n a l compound modes. (T h is  group in c lu d e s  
some modes in v o lv in g  s h e a r  o f  t h e  l a t t i c e  t o  th e  
i d e n t i t y ,  i . e .  no change i n  o r i e n t a t i o n . )
2 ) Modes w i th  f o u r  i r r a t i o n a l  e lem en ts  s i m i l a r  t o  
th o s e  d i s c u s s e d  i n  s e c t i o n  4- b u t  in v o lv in g  no 
s h u f f l e s .
3) Modes w ith  f o u r  r a t i o n a l  e lem en ts  which do n o t 
obey th e  u s u a l  o r i e n t a t i o n  r e l a t i o n s h i p s  a s s o c ia te d
w ith  d e fo rm a tio n  tw in n in g .  These modes a r e  equiv~  
a l e n t  to  compound modes which in v o lv e  complex 
s h u f f l e s  b u t  no s h u f f l e s  a r e  n e c e s s a r y  i f  th e  new
(6)
we have
c
a2
2
(7 )
(8)
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o r i e n t a t i o n  r e l a t i o n s h i p  i s  t o  be obeyed.
Examples o f  modes o f  ty p e s  2) and 3) a re  g iv e n  i n  t a b l e  2
together w ith  th e  a s s o c i a t e d  v a lu e s  o f  m , n , r , s  and k #
o r i e n t a t i o n
Figures 6 and 7 i l l u s t r a t e  t h e / r e l a t i o n s h i p s  obeyed by  
these modes. I t  w i l l  be n o te d  t h a t  mode 3 )o f  t a b l e  2 
with fo u r  r a t i o n a l  e lem en ts  b u t  th e  new o r i e n t a t i o n  re la t io n *  
ship g ives  r i s e  t o  an j*089} h a b i t*  However as th e  s h e a r  
associated w ith  t h i s  mode i s  v e ry  l a r g e  i t  i s  u n l i k e l y  to  
provide a s a t i s f a c t o r y  e x p la n a t io n  o f  th e  tw in s  on th e s e  
planes observed  i n  i r o n  a l l o y s  ( 1 2 ) .
The problem  o f  d e c id in g  w hether  a  s h e a r  on any
i r r a t io n a l  p la n e  can  r e s t o r e  a sq u a re  l a t t i c e  i n  a d i f f e r e n t
o r ien ta t io n  i s  r e a d i l y  so lv e d  by c o n s id e r in g  e q u a t io n  ( 6 ) .
The only h a b i t s  which can a r i s e  i n  p r a c t i c e  a re  d e f in e d  by
pvalues of  k which s a t i s f y  t h i s  q u a d r a t ic  e q u a t io n  i n  k i n
which th e  c o e f f i c i e n t s  a r e  a l l  i n t e g e r s .  Thus k cannot
equal any o f  t h e  t r a n s c e n d e n ta l  i r r a t i o n a l  numbers such as
e and lo g e2* I n  a d d i t i o n  th e s e  c o e f f i c i e n t s  o f  e q u a t io n
(6 ) are  f u r t h e r  r e s t r i c t e d  by e q u a t io n s  ( 7 ) and ( 8 ) so t h a t
1
even a lg e b r a ic  i r r a t i o n a l  numbers o f  t h e  form k  -  Z + m"2",
where Z and m a r e  r a t i o n a l *  need n o t be a c c e p ta b le .  Thus 
±
k 8 1 + 2 2 does n o t  s a t i s f y  e q u a t io n  (6 ) f o r  any p o s s i b l e  
combination o f  m , n , r , s .  T h e re fo re ,  a l th o u g h  an enum erable 
in f in i ty  of  i r r a t i o n a l  p la n e s  can a c t  as tw in n in g  p l a n e s ,  i t
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is in  g e n e ra l  n o t  p o s s i b l e  t o  tw in  a sq u a re  l a t t i c e  by means 
of a sh ea r  on a g iv e n  i r r a t i o n a l  p lane*
6 , C o n c lu s io n s .
I f  i t  i s  assumed i n  th e  th e o r y  of th e  c r y s t a l lo g r a p h y  
of deform ation  tw in n in g  t h a t  one c e l l  o f  th e  p a r e n t  s h e a r s  
into an e q u iv a le n t  c e l l  o f  th e  twin,, th e n  p a r e n t  and tw in  
s truc tu res  must be r e l a t e d  by one of t h e  f o u r  c l a s s i c a l  
o r ien ta tio n  r e l a t i o n s h i p s  and th e  tw in n in g  mode must be 
of Type I  o r  Type I I ,  o r  d e g e n e ra te  ca se s  of  th e se *  I f  
this r e s t r i c t i o n  i s  removed and i t  i s  s im ply  assumed t h a t  a  
deformation tw in  i s  a  r e g io n  of a c r y s t a l  which has  sh ea red  
so th a t  th e  o r i e n t a t i o n  i s  changed b u t  th e  s t r u c t u r e  i s  
preserved, th e n  i t  i s  shown t h a t  new ty p e s  o f  tw in n in g  mode 
can a r i s e  w ith  f o u r  i r r a t i o n a l  e lem en ts  and d i f f e r e n t  
o r ien ta tio n  r e l a t i o n s h i p s *  These new ty p e s  o f  mode can a r i s e  
when a c r y s t a l  i s  doub ly  tw in n e d ,  and examples p e r t i n e n t  to  
s truc tu res  b e lo n g in g  to  a l l  c r y s t a l  system s o th e r  th a n  
t r i c l i n i c  a re  d e s c r ib e d *  Double tw in n in g  canno t occu r  i n  
the t r i c l i n i c  sy s tem . The s h e a r s  a s s o c ia te d  w ith  th e  s im p le  
equivalent tw in n in g  modes o f  th e s e  doub le  tw in n in g  mechanisms 
ho not g ive  th e  c o r r e c t  tw in  s t r u c t u r e  d i r e c t l y  b u t  in v o lv e  
atomic s h u f f l i n g .  To d e s c r ib e  w hether  t h i s  i s  an in h e r e n t  
feature of  t h i s  new ty p e  o f  tw in ,  th e  s h e a r  o f  a sq u a re  
l a t t i c e  i n to  an i d e n t i c a l  l a t t i c e  d i f f e r e n t l y  o r i e n te d  i s
19 -
cons idered . I t  i s  shown t h a t  tw in n in g  inodes w ith  f o u r  
i r r a t i o n a l  e le m e n ts ,  which s h e a r  a l l  l a t t i c e  p o in t s  t o  
co rrec t tw in  p o s i t i o n s  can a r i s e .  The ty p e  of i r r a t i o n a l  
plane on which s h e a r s  o f  t h i s  k in d  can occur i s  however 
r e s t r i c t e d .  I t  i s  a l s o  shown t h a t  some n o m in a lly  compound 
twinning m odes, w ith  f o u r  r a t i o n a l  e lem en ts  and complex 
sh u ff le  m echanism s, need i n  f a c t  in v o lv e  no s h u f f l i n g  i f  
o r ie n ta t io n  r e l a t i o n s h i p s ,  o th e r  th a n  th o s e  g e n e r a l l y  
assumed, a r e  p e r m i t t e d .
Acknowledgments
We a re  in d e b te d  t o  P r o f e s s o r  B, A, B i lb y  f o r  many 
valuab le  d i s c u s s i o n s .  One o f  us  (M, B .)  w ishes to  
thank The S t a t e s  o f  J e r s e y  f o r  th e  award o f  a g r a n t .
-  20 -
R e fe re n ce s
1# H a l l , E . O . , "Twinning and D i f f u s i o n l e s s  T ra n s fo rm a tio n s  
i n  M e ta ls ” , L o n d o n ,B u tte rw o r th s , 1954-*
2. Jo h n sen , A,., Heues Jb .  M in e r . ,  39 , 5 0 0 ,  1914.
3, Wall e r  a n t , P . ,  B u l l .S o c .  P ra n c a i s e  de M in e ra lo g ie
7 ,  169 (1 9 0 4 ).
4* H ig g l i ,  P . ,  Z. K r i s t a l l o g r . , 71? 413? 1929*
5. Calm, R. W., Advanc. Phys. , 2., 363? 1954.
6, C ro ck er , A .G ., and B i lb y ,  B .A . , U npublished  work.
7. Jaswon, M .A ., and Dove,. D.B. , A cta  C r y s t . ,  2? 621 , 1956?
I b id  . ,  1 0 , 1 4 , 1997? I b i d . ,  13,  232 , I9 6 0 .
8, K iho , H . ,  J .  p h y s .  S o c . , J a p a n ,  2> 739? 1954$ I b id  «,
13 , 269? 1958.
9* R e e d -H i l l ,  R . E . , T ra n s ,  m et. Soc. A . I .M .E . ,  218, 354 ,1960 . 
10* C rocker, A .G ., P h i l .  Mag., 7? 1901? 1962,
11* C rocker, A .G ., A cta  M e t. ,  10 , 113? 1962.
12. Richman, R .H . , T ra n s ,  m et. Soc. A . I .M .E . , 227 , 159,1963*
-  21 -
F ig u re  C ap tions
Figure 1 The tw in n in g  e le m e n ts .
Figure 2 Some s h u f f l e  mechanisms.
Figure 3 The f o u r  i r r a t i o n a l  h a b i t s  o f  a  tw in n in g  mode 
i n  magnesium.
Figure 4 An i r r a t i o n a l  tw in n in g  p la n e  i n  th e  s im p le  
cu b ic  l a t t i c e .
Figure 3 Shear o f  a sq u a re  l a t t i c e .
Figure 6 Mode w ith  f o u r  i r r a t i o n a l  e lem en ts  and no 
s h u f f l e s .
Figure 7 Mode w ith  f o u r  r a t i o n a l  e lem en ts  n o t  obeying  
th e  c l a s s i c a l  o r i e n t a t i o n  r e l a t i o n s h i p .
Note: I n  f i g u r e s  2 , 3 , 4 , 6  and 7 co n t in u o u s  l i n e s  r e p r e s e n t  
th e  p a r e n t  l a t t i c e  and b roken  l i n e s  th e tw in  l a t t i c e .  
P a re n t  l a t t i c e  p o i n t s  (and i n  f i g u r e  2 s h e a re d  p a r e n t  
p o in t s )  a r e  i n d i c a t e d  by c i r c u l a r  symbols and tw in  
p o in t s  by sq u a re  sym bols . Open and f u l l  symbols i n  
f i g u r e  2 i n d i c a t e  p o i n t s  i n  d i f f e r e n t  p la n e s  o f  s h e a r  
and i n  f i g u r e  3 th e  s u f f i c e s  P and T d e n o te  p a r e n t  and 
tw in  i n d ic e s  r e s p e c t i v e l y .
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T a b l e !
Twinning Modes w ith  One I r r a t i o n a l  Element
S tru c tu re Ki *2 t f l '*} 2
H.C.P. <1120>
H .C .P / | I l 0 2 j {1342} <1120>
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Trans,  Met. Soc. A/ME, 1963, vol. 227, p. 159 - ;
M echanical Twinning in Fe-5 Wt P e t  Be
>,  ^ : ■ / : •  • -j
. . • , i  ■ ' V  j  _ ;
R. H. Richman and G. P . Conard, II
Trans. Met. Soc. A/ME, 1963, vol. 227, p. 779
/i. .
A. G. Crocker and M. Bevis (Battersea College of 
Technology)—Richman16 and Richman and Conard17 
have recently published the very interesting results 
of their studies on the plastic deformation of Fe- 
Ni-C martensites and of an Fe-5 wt pet Be alloy^ 
Other work on the range of Fe-Be alloys containing ; • 
between 16 and 27 at. pet Be has also been reported 
by Richman.18 One of the fascinating features of ' : 
this work is that the materials investigated deform : : 
primarily by means of twinning and that several I; 
twinning modes are operative in addition to the 
well-established {112} mode of bcc materials 
The composition planes of these unusual twins were ’ 
determined using a single-surface analysis and re- 
ported as {013}, “ {045}” or “ {089}” , and 
“ {2,3,10}” or “ {127}” . (It is now thought18 that 
the “ {0,1,13}” habit reported for the Fe-Ni-C al­
loys16 is more likely to be near “ {127}” .
Although the full twinning elements of these un- 
usual twinning modes could not be determined di- 
r£ctly from the experimental results, the authors ! ■ 
attempt to deduce the elements by considering twin ; 
intersections19 and by using the projection technique 
of Jaswon and Dove.20 The basic assumption of 
their approach is that the {013} habits are truly 
rational planes but that the other habits are irra­
tional and merely approximated to by the indices 
quoted above. They thus deduce that the twinning 
mode describing the {013} habit is either Type I 
or compound and that the modes describing the 
ether habits are Type II. This deduction must how- t 
ever be false as all twinning modes in cubic struc­
tures obeying the classical orientation relation­
ships of deformation twinning must  be compound. 
Type-I and Type-II modes can occur in all of the 
other crystal systems (indeed in the triclinic sys­
tem compound modes are not allowed), but in the . 
cubic system only compound modes can arise. This 'X 
fact, which does not appear to be well-known, fol- f
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lows immediately from the relations between thi 
: four twinning elements defining a twinning mode. ‘ 
Thus for a Type-I mode which is uniquely defined ‘ 
by the rational twinning elements Ki * h{ and 
772 = vi (i -  1, 2, 3), the K2 and 774 elements are 
given by:21 ‘ '
; K2 = ki = (cimvlvm)hi -  (hjvi)cikvk
, and
7 7 1  =  u i  =  {h jv i)c ik hfr — {cPQhphqty*
where the summation convention of the tensor cal­
culus has been adopted. For cubic materials the 
metrics cy  l and c*7 reduce to the unit tensors 6^ 
and 6*7 so that we have
* K2 = ki = {(v\ + v\ + v\)hi -  (hiv1 + h2v2 + hzv^v1} 
and
7 7 1  = u1 = {(hiv1 + h2v2 + hiu2)hi -  (hi + hi + h\)vi }
It is  clear from these equations that both ki and u*
: must take on integral values; i.e., K 2 and 771 must 
, be rational, if hi and vi are integers, i.e., if K 1 
and 7} 2 are rational. Thus for cubic materials a 
Type-I mode must degenerate into a compound mode 
: and the same result also arises for Type I f  modes. 
The apparently irrational habits observed oy the 
authors can thus not be explained in terms Type- 
II twinning if the classical laws of deformation 
, twinning are to be obeyed.
An alternative explanation of the irrational habits 
v is that they may arise from twinning modes with 
’ four irrational twinning elements. These modes, 
which do not obey the classical orientation relation­
ships associated with deformation twinning, have 
been shown to arise as the result of double twinning 
processes in magnesium,22 but may also describe a
• simple shear on an irrational plane in an irrational 
j direction. Indeed double twinning processes in bcc
M ; ’ :- ' ; :  ;'3 'r V V
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structures, with component twinning shears arising 
from the well-established {112} twinning mode, are 
not,possible, and the irrational habits would of 
, necessity be associated with a simple shear. Twin- 
. ning modes of this new type can arise in all crystal 
systems,23 but unfortunately as the irrational habits 
■ in the Fe-Be alloys and Fe-Ni-C martensites have 
, not been accurately determined it is not at the ! 
moment a feasible proposition to try to predict a ';'- 
suitable mode.
If the reported irrational habits are not in fact * 
- irrational but simply high-indexed rational planes 
the-ioperative twinning modes could of course be 
compound. In this connection the following twinning 
mode with Ki * {089} is particularly interesting
K i K2 r j i V2
\ {089} {021} (098) (012) *
When applied to a simple cubic structure a twinning ; 
shear of this mode restores the structure exactly ; 
but not in the classical orientation of reflection in 
*Ai.23 In order that this orientation may be achieved 
four out of every five atoms must shuffle in order to 
reach true twin positions. This shuffling is even 
more complex when the bcc structure is  considered. 
The twinning shear of this mode is however very 
large and thus even the orientation involving no 
shuffling is no more likely to arise in practice than 
the mode suggested by Richman.18
' In conclusion we would like to say how much we 
have enjoyed studying these papers and we look for­
ward to further publications on these fascinating
materials. We are indebted to Dr. Richman for 
discussing his work with one of us (A.G.C.) and for 
supplying preprints of the papers discussed here.
R. H. Richman (author's reply)—Clarification of the 
allowable twinning modes in cubic structures is 
certainly worthwhile. The comments of Crocker and 
Bevis emphasize the difficulty of explaining the un­
usual twinning modes “ {089}” .and “ {127}” . The 
more frequent {013} twins appear experimentally to 
have rational elements, and are consequently 
easier to understand. One additional comment can 
be made. Of the two shear modes for “ {089}” 
twins proposed in this discussion, it seems that the 
case involving four irrational elements and a sim­
ple 
the
shear is the more likely. A shear direction of 
type (098), associated with the possible com- 
‘ pound mode, is not consistent with the shear direc- 
j tiori near (311) that was deduced from observations 
: of tyin intersections. ' -
“ R, H. Richm an: P la s t ic  Deformation Modes in Fe-Ni-C M artensites, 
Trans. Met. Soc. AIME, 1963, vol. 227, p. 159.
1TR. H. Richman and G. P . Conard: M echanical Twinning in Fe-5 Wt
P et. Be, Trans. Met. Soc. AIME, 1963, vol. 227, p. 779.
“ R. H. Richman: The D iversity  of Twinning in Body Centred Cubic 
Structures, paper p resented  a t the AIME — U niversity  of F lorida Con­
ference held  a t G ainesv ille , March, 1963; to be published.
,9R. W. Cahn: P la s tic  Deformation of Alpha-Uranium; Tw inning and 
Slip, A cta  Met., 1953, vol. 1, p. 49.
20M. A. Jasw on and D. B. Dove: Tw inning P roperties o f L a ttice  P lan es , 
P la n e s , A cta  C ryst., 1956, vol. 9, p. 621.
l lA. G. Crocker: Twinned M artensite, A cta  M et.,.1962, vol. 10, p. 113.
” A. G. Crocker: Double Twinning, P hil. Mag., 1962, vol. 7, p. 1901.
*'A. G. Crocker and M. B evis: unplublished work. •/ . ' • ,
Groin Boundary Sliding During C reep of an Aluminum 
2 P e t  Magnesium Alloy
A. W. Mullendore and Nicholas J. Grant
Trans. Met. Soc. A/ME, 1963, vol. 227, p. 319
A. Gittins and R. C. Gifkins (University of Mel­
bourne)— Evidence from somewhat similar experi­
ments to those described in this paper has led us 
to the conclusion that possibility 2) of the four 
listed on p. 319 is a description of what happens in 
grain boundary sliding. That is, sliding is limited 
by accommodation deformation, it being necessary 
to the continuance of sliding that this accommoda­
tion should take place. An example of such accom­
modation, though probably not the most important, 
is fold formation at triple points. The evidence 
and arguments for this point of view are set out in 
Refs. 14 to 16.
In particular, an experiment with a lead bicrys- - 
tal15 seems to support point 2) rather than 3). In 
creep of this specimen it was found that at least 90 ' 
pet of the extension of a zone 0.3 mm wide at the
1472-VOLUME 227, DECEMBER 1963 v
boundary was supplied by sliding at the boundary.
The sliding was localized in a region at the boundary 
very much smaller than 0.3 mm, in fact, in a region 
too narrow to resolve optically.
In polycrystalline specimens14’15 there appears to 
be a surface effect, as found by Rachinger,17 but it 
appears that this may not manifest itself at low 
strains. ‘‘Low strains” means <10 pet for a Pb-Tl 
alloy, <2.5 pet for magnesium or “ Magnox” A12 
alloy, or <40 pet for a /3 brass. Up to this extension 
the sliding, measured by the mean vertical step at 
boundaries, is proportional to extension. We are 
able to say this with some confidence, since the er­
ror bars on our points are statistically derived, y 
Our results would lead us to think that the error 
bars on other work, including that of Mullendore and 
Grant,; are much too large at low strains to show this
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The Determination of the Orientation of Rhombohedral 
and Cubic Crystals from Traces on a Single Surface
By
M. B e v i s , F. H e c k s c h e r , and A. G. Cr o c k e r 1)
The determination of the orientation of rhombohedral and cubic crystals from the angles 
between traces produced on a single surface of a specimen by three crystallographically 
equivalent planes is considered. I t  is shown that the direction normal to the crystal surface 
may be determined directly by taking readings from simple physical models which may 
be readily constructed. A new algebraic formulation of the problem which leads directly 
to the possible orientations, is also presented. Degenerate cases which arise in this analysis 
are discussed and a table of results is given for the case of traces produced by { 111} planes 
in mercurjr crystals. A convenient method of plotting these results is described, and it is 
shown that the results obtained using the models are accurate to within 11f2° when compared 
with those obtained numerically.
Es werden Methoden diskutiert, mit deren Hilfe die Orientierung von rhomboedrischen 
und kubischen Kristallen aus den Winkeln zwischen Spuren bestimmt werden kann, die 
auf einer einzigen Oberflache durch drei kristallografisch aquivalente Ebenen hervorge- 
rufen werden. Es wird gezeigt, daB die Richtung senkrecht zur Oberflache direkt auf der 
Grundlage einfacher, leicht konstruierbarer Modelle bestimmt werden kann. Es wird eine 
neue algebraische Formulierung des Problems angegeben, die direkt zu den moglichen 
Orientierungen fiihrt. Eerner werden Entartungsfalle diskutiert und Resultate fur Spuren 
angegeben, die auf { 111 }-Elachen in Quecksilberkristallen auftreten. Eine bequeme 
Methode zur Auftragung dieser Resultate wird beschrieben. Es zeigt sich, daB die mit Hilfe 
von Modellen erhaltenen Ergebnisse auf +  V-fz° mit den numerisch gewonnenen iiberein- 
stimmen.
1. Introduction
The problem of determining the orientation of a crystal from a knowledge of 
the angles between traces produced on a flat surface of a specimen by given cry- 
stallographic planes has been discussed by several authors. The earliest treatment 
is that due to B a r r e t t  [1] who briefly mentions a trial and error method of so­
lution involving the manipulation of tracing paper on a stereographic net. This 
method is in principle valid for any crystal lattice, but is often lengthy and can 
give rise to most inaccurate results. It has been described in more detail by M y-  
k u r a  [2] who has applied it to determine the orientation of face centered cubic 
crystals from traces produced by three or four {111} planes. Another approach 
is to use the charts which have been constructed for certain special cases (for refer­
ences see [3]), but again these are often difficult to use and for some orientations 
prove to be rather unreliable. Finally, the orientation may be determined analy­
tically, in which case the accuracy is clearly limited only by the measurements of
b On leave of absence at RIAS, Baltimore, Maryland USA.
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the angles themselves. An analysis of this kind has been given recently by D r a z in  
and O t t e  [3] for traces produced by three { 1 1 1 } planes of cubic crystals. The alge­
bra involved in this analysis is extremely lengthy and tedious and although the 
authors describe three procedures for obtaining numerical solutions, one mainly 
graphical, a second suitable for desk computation and a third for solution using 
an electronic digital computer, it is clear that this formulation of the problem could 
not be used extensively in practice. Tables have, however, been prepared by 
D r a z in  and O t t e  [4] from their analysis and these will enable rapid accurate 
determinations of the orientations of cubic crystals to be made.
The complexity of the algebra of the D r a z in  and O t t e  method [3] is essentially 
due to the fact that a quartic equation has to be solved in order to deduce the 
vector normal to the plane surface containing the three traces. For different sets of 
initial data this equation may have four, two or no real solutions, corresponding 
to four, two or no possible normals. It should, however, be noted that two orien­
tations related by reflection in the surface have the same surface normal and thus 
there are in general eight, four or no full orientations for a given set of data.
In section 2 of the present paper we shall describe simple physical models which 
have been used to determine the orientations of mercury crystals from surface 
traces produced by slip on the three {111} planes of the face centered rhombohe- 
dral cell. Although these models were made specifically for orienting mercury 
crystals, the principles involved are quite general and in particular may be readily 
applied to the determination of the orientation of face centered cubic crystals from 
{111} traces. The accuracy which can be obtained using the models is discussed, 
results being compared with numerical solutions obtained using a new analysis of 
the problem which is presented in section 3 . This analysis is valid for any three 
crystallographically equivalent symmetrically disposed planes and thus includes 
as special cases traces produced by {111} and {100} planes of cubic crystals and 
b y  { 1 1 1 }  and { 1 0 0 }  planes of mercury. Also, unlike the presentation of D r a z in . 
and O t t e  [3 ], in this treatment the quartic equation, giving the possible surface 
normals, is derived directly. Degenerate solutions of this equation are examined 
and, as an illustrative example, a specimen table is presented which enables the 
orientation of mercury crystals to be determined. Finally, a convenient method of 
plotting these results graphically is described and the ranges of the sets of data 
which give rise to different numbers of solutions are discussed.
2. Orientation Determination Using Models
This section contains a description of the use of simple physical models in 
determining the orientation of crystals from a knowledge of the angles between 
three surface traces. Let the three crystallographically equivalent planes which 
produce the traces meet at a point 0  and intersect along the lines AOA', BOB', and 
COO' as shown in Fig. 1. We restrict ourselves to cases in which the three angles 
AOB, BOG, and CO A  are all equal and represent the magnitude of this angle by 
/?. Let the surface of the crystal intersect OA, OB, and OG at points L, M, and N  
distant a, b, and c respectively from 0.  The triangle L M N  thus has the shape of 
the observed set of similar triangles produced on the crystal surface by the three 
sets of planes, and the orientation of the crystal is fixed by the magnitudes of the 
parameters a, b, and c. The problem of determining the orientation, thus reduces 
to finding a, b, and c for given values of the angles L, M, and N. This may be car­
ried out conveniently by constructing two models in the form of tetrahedra for the
r k - D
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K g. 1. The tetrahedron O A B C  formed by three crystallo­
graphically equivalent planes meeting symmetrically at the 
point 0,  and the triangles of traces L M N  produced at the 
surface of the crystal
two essentially different situations which 
may arise. These models consist of the 
tetrahedra OABC and OAB'C' with the 
faces ABC  and AB'C' open. A triangular 
template with angles L, M, and N  is then 
prepared and placed in each tetrahedron 
in turn so that the edges LM, MN,  and 
N L  he in the faces of the tetrahedron, as 
illustrated for the tetrahedron OABC in 
Fig. 1. The magnitudes of a, b, and c can 
then be read off directly from scales along 
the edges OA, OB, OC and OA, OB', OC' 
for the two models respectively, where 
intercepts on OB' and OC"'are, of course, 
negative.
The size of the template is arbitrary and it is thus only the relative magnitudes of 
a, b, and c with which we are concerned. Also, as the three planes meeting at 0  are 
equivalent, the labelling of the corners L, M, and N  of the triangle and of the 
edges AOA', BOB', and COO' of the tetrahedra is clearly arbitrary. The two models 
described above may thus be taken as representative of the total of eight tetra­
hedra which can be defined by these three planes, tetrahedron OA'B'C' being 
equivalent to OABC and tetrahedra OBCA', OA'B'C, etc. being equivalent to 
OAB'C'. There are several ways of attempting to place the triangular template in 
each of the two models, as each corner may be associated with each edge of the 
model in two different ways by inverting the template, and each of these asso­
ciations may give more than one solution. However, because of the symmetry 
of the models, the maximum number of solutions is always found to be four, 
although for certain ranges of template shape the number of solutions obtained 
is two or even zero., The case of no solutions should, however, never occur, as it 
indicates that the original assumption that all three traces are produced by known 
crystallographically equivalent planes was false. For isosceles and equilateral 
triangle shapes degeneracies arise which result in some of the solutions being cry­
stallographically equivalent, so that in special cases one or three independent solu­
tions may also be obtained. However, these degeneracies and the way in which the 
number of solutions is divided between the two models depends critically on the 
angle /? and the shape of the template and is more conveniently studied analytic­
ally.
The parameters a, b, c fix the orientation of the surface of the crystal, the Miller 
indices of the surface relative to the tetrahedron axes OA, OB, OC being {a -1 
c-1}. It will, however, be necessary in some applications to convert these indi­
ces to those referred to a basis consisting of the <(100) edges of the standard cell.
24*
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This may be readily carried out using the relation
(^i)s == (hi)t f i s  j
where (lij)s and (hi)t (i =  1, 2, 3) represent the Miller indices relative to standard 
and tetrahedron axes, and the rows of the 3 x 3  symmetric matrix tCs are. the 
Miller indices of the edges of the standard cell relative to the tetrahedron axes. 
Tor example, for traces produced by three {111} planes in cubic structures or 
three {111} planes in mercury we have
■Mii 1}
The Miller indices hi give only the orientation of the normal to the surface of the 
crystal and not the full orientation of the crystal. The latter may, however, be 
readily deduced from hi and the positions of the surface traces. In particular the 
Miller indices of a given trace, which will clearly lie in the surface hi and the plane 
mi producing the trace, are given by
[m2 hz — m3 h2, m3 hx — mx h3, m1 h2 — m2 AJ .
The two model tetrahedra used in determining the orientation of mercury cry­
stals from {111} traces were constructed of transparent synthetic plastic, the edges 
of the triangular faces being joined with adhesive. The angle is in this case 
70°45' and the edges were graduated every 0.1 cm.2)
In using models for determining crystallographic orientations errors can arise in 
essentially three different ways. The construction of the models may be faulty, 
the shape of the template may be incorrect and readings of the intercepts a, b, 
and c may be in error. The effective error in an orientation determined from the 
models is thus difficult to assess and therefore, in order to determine the accuracy 
of the model method, a set of test templates covering the whole range of triangle 
shapes with angles at 10° intervals was prepared. The orientations deduced from 
these templates were compared with those determined numerically using the 
analysis to be described in section 3. In no case were the model results found to be 
in error by more than l 1^ 0. These errors are in fact often less than those which 
have been found to arise from uncertainties in the true magnitudes of the angles 
between the surface traces themselves. It is thus considered that the use of these 
models is a valuable technique in determining the orientation of crystals from sur­
face traces of known crystallographic planes.
3. Analytic Determination of Orientations
. In this section we present an analysis of the problem of orienting any rhombo- 
hedral crystal, including as a special case cubic crystals, from surface traces pro­
duced by three crystallographically equivalent planes which intersect each other 
in crystallographically equivalent directions. We again refer to Tig. 1 and the 
problem reduces to determining the intercepts a, b, c when the angles L, M, N  are 
known. As it is only the relative magnitudes of a , b, and c with which we are con-
_______________________________  fe*
2) If desired scales graduated in terms of the recipocal of the distance from the vertex 
can be placed along the edges, enabling the Miller indices, relative to the tetrahedron axes, 
to be read off directly.
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cerned we may put a =  1 and let the corresponding magnitudes of M N, NL  and 
LM  be I, m, and n respectively. Then, using the sine and cosine rules we obtain
b2 +  1 — 2 b cos/5 =  r l 2, (1)
c2 +  1 — 2 c cos /? =  s I2 , (2)
b2 +  c2 — 2 b c cos /? =  I2 , (3)
where r — (sin Njsin L)2 and s =  (sin Jf/sin L)2. Eliminating b and I2 from equa­
tions (1) to (3) we arrive at the following quartic equation for c
Co +  ^ c  +  C ^  +  ^ cS  +  a ^ O ,  (4)
where
CA =  { (— r +  s +  l )2 — 4 s cos2/?} , •
C1 =  4 cos/? { (— r +  s +  1) (r — 1) 4- s (r — s +  1) cos/? +  2 s cos2/?} ,
C2 — 2 { — (— r -)- s +  1) (r +  s — 1) +  2 [(r — l ) 2 — (r -j- 1) s -J- 2 s2] X
X cos2 /? — 4 (r +  1) s cos3 /?} ,
C3 — 4 cos /? { — (r +  s — 1) (r — 1) -j- s (r—s +  1) cos P +  2 r s cos2 /?} ,
C'4 =  {(r +  5 — l)2 — 4 r s cos2/?} »
This equation gives four, two or no real solutions for c depending on the values 
of the parameters /?., r and s. When c is known, b may be determined from the 
relationship
(r — 1) (c2 +  1 — 2 c cos j?) +  s (c2 — 1) 
b =   ^ T7 p > (o;2 s (c — 1) cos p
and thus, as a is fixed at unity, the vector normal to the surface is known relative 
to the tetrahedron axes.
Certain degenerate solutions of equations (4) and (5) should be noted. In parti­
cular when one of the angles of the triangle L M N  is /? or n  — /? the equations pro­
duce a solution with either b or c zero. This case is not observable physically as 
the surface of the crystal is then parallel to one of the planes producing the traces. 
Also equation (5) for b becomes indeterminate when c =  1, because, as we have 
already let a =  1, the triangle LM N  is then isosceles so that r =  1. In this case 
equation (4) reduces to
(c2 +  C} c +  i) (c — i)2 =  0 , (6)
where 0} =  2 [«s (1 — 2 cos2 /?) -j- 4 cos3 /?]/(s — 4 cos2 /?).
The two solutions c =  1 of equation (6) are associated with values of b given by 
the quadratic equation
b2 —r 2 b cos (3 +  [1 — 2 (1 — cos /?)/«] =  0 . (7)
The other two solutions of equation (6) are clearly reciprocal to each other and on 
substituting these values into equation (5) for 6, which when r — 1 reduces to 
b =  (c -j- I)/2 cos /?, one finds that they result in only one independent solution 
for the orientation. We may thus obtain, depending on the values of s and /?, 
one, two or three possible solutions for the orientation when the triangle LM N  
is isosceles. In the case of the equilateral triangle, however, only two independent 
solutions arise for the triplet of parameters a, b, c. By putting <s =  1 in equations
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Table 1
The orientation of mercury crystals as calculated from three {111} traces
M N
I 11
104 & 104 Z 104 k 104 Z
40 40 —6110 + 1052 + 1052 -6 1 1 0
35 —6788 +3445 +2903 -6 9 8 0
45 45 -5 4 8 8 -1 3 8 6 -1 3 8 6 -5 4 8 8
40 -5 4 9 5 -0 0 8 5 -0 5 8 9 -5 9 4 5
35 -5 7 7 1 + 1509 +0494 -6 4 8 1
30 -6 6 2 6 +3909 +2248 -7 2 1 2
50 50 -5 3 2 3 -3 0 8 0 -3 0 8 0 -5 3 2 3
45 -5 0 7 1 -2 0 2 5 -2 5 7 8 -5 6 7 2
40 -4 9 7 7 -0 9 2 4 -1 9 8 2 -6 0 4 0
35 -5 0 7 0 +0322 -1 2 3 5 -6 4 4 0
30 -5 4 5 2 + 1894 -0 2 1 6 -6 9 0 2
25 -6 4 8 5 +4319 +1420 -7 5 0 3
55 55 -5 4 5 5 -4 5 2 5 -4 5 2 5 -5 4 5 5
55 + 104 + 3740 --9417 -9 4 1 7
50 -4 9 8 1 -3 5 2 0 -4 1 7 1 -5 7 4 7
50 +9732 -5 7 5 4 +9380 -0 9 8 6
45 -4 6 7 4 -2 5 6 6 -3 7 7 7 -6 0 4 1
40 -4 5 0 8 -1 6 0 0 -3 3 2 4 -6 3 4 3
35 -4 4 8 8 -0 5 5 6 -2 7 8 3 -6 6 6 1
30 -4 6 5 7 +0658 -2 1 0 2 -7 0 0 6
25 -5 1 4 2 +2227 -1 1 7 2 -7 3 9 8
20 -6 3 6 1 +4690 +0307 -7 8 8 1
60 60 + 104 + . 104 -5 9 2 4 -5 9 2 4
55 -5 1 6 6 .-4 8 5 9 -5 6 7 0 -6 1 6 8
55 +8581 +6543 -7 2 9 9 -7 1 3 0
50 -4 6 3 9 -3 9 1 8 -5 3 9 9 -6 4 0 6
50 +3601 +7950 -9 2 9 2 -9 1 9 9
45 -4 2 8 4 -3 0 4 4 -5 1 0 3 -6 6 4 3
45 +9222 -5 6 5 4 +8171 —0654
40 -4 0 6 0 -2 1 7 8 -4 7 7 2 -6 8 8 4
35 -3 9 6 1 -1 2 6 9 -4 3 8 9 -7 1 3 4
30 -4 0 0 3 , -0 2 6 1 -3 9 3 0 -7 3 9 9
25 -4 2 4 4 +0939 -3 3 5 0 -7 6 8 8
20 -4 8 3 3 +2521 -2 5 6 0 -8 0 1 2
15 -6 2 5 0 +5033 -1 3 2 4 -8 3 9 5
10 + 7880 -9 6 5 8 + 1718 -8 9 4 4
M
65
70
75
80
N
I I !
104 & 104 Z 104 & 104 Z
50 —6952 -7 4 6 5 -6 9 5 2 -7 4 6 5
50 +6080 +6080 -4 2 8 7 -4 2 8 7
45 -4 8 1 3 -5 1 7 0 -6 7 6 3 -7 6 2 9
45 +4013 +6444 -9 4 7 9 -9 3 3 0
40 -3 6 1 8 -2 6 9 2 -6 5 5 7 -7 7 9 6
40 +8751 -5 6 0 4 +6871 -0 0 4 6
35 -3 4 5 7 -1 8 8 4 -6 3 2 5 -7 9 6 8
30 -3 4 1 1 -1 0 1 4 -6 0 5 9 -8 1 4 9
25 -3 5 0 7 -0 0 2 7 -5 7 4 0 -8 3 4 4
20 -3 8 1 7 + 1173 -5 3 4 1 -8 5 6 1
15 -4 5 1 7 +2782 -4 8 0 6 -8 8 0 8
10 -6 1 4 9 .+5357 -4 0 0 4 -9 1 0 1
5 -9 8 6 4 + 8406 -2 2 5 2 -9 4 6 4
40 -3 1 6 6 -3 1 6 6 -9 3 0 5 -9 5 2 6
40 +4048 +4048 -9 3 0 5 -9 5 2 6
35 -2 9 5 3 -2 4 3 5 -9 2 6 3 -9 5 6 5
35 +5263 +0928 +8319 -5 5 9 3
30 -2 8 4 2 -1 6 7 0 -9 2 1 8 -9 6 0 6
25 -2 8 4 0 -0 8 2 6 -9 1 6 8 -9 6 5 0
20 -2 9 8 5 +0151 -9 1 1 1 -9 6 9 9
15 -3 3 6 3 + 1363 -9 0 4 5 -9 7 5 5  .
10 -4 1 8 3 +3016 -8 9 6 4 -9 8 2 0
5 -6 0 5 7 +5668 -8 8 6 3 -9 8 9 9
30 -2 2 7 0 -2 2 7 0 +7923 -5 6 1 0
30 +2690. +2690 +7923 -5 6 1 0
25 -2 1 9 3 -1 5 3 4 .+7557 -5 6 4 5
20 -2 2 2 6 -0 7 0 7 +7214 -5 6 9 5
15 -2 4 1 4 +0270 +6890 -5 7 5 3
10 -2 8 6 1 + 1505 +6578 -5 8 2 0
5 -3 8 1 7 +3224 + 6273 -5 8 9 3
20 -1 4 8 2 -1 4 8 2 + 1650 + 1650
15 -1 5 4 1 -0 6 6 8 +3403 -1 2 1 4
10 -1 7 6 6 +0315 +3582 -2 2 4 0
5 -2 2 8 3  ' + 1588 +3534 -2 8 9 9
10 -0 7 4 0 -0 7 4 0 +0780 +0780
5 -0 9 9 1 +0251 + 1392 -0 6 4 2
85
Columns M  and N  give the measured angles in degrees between thfe traces, using the  
convention L  ^  M  ^  N . Columns I and II  give the components k and I of the possible 
normals {h, k, 1} to the crystal surface relative to  the standard face centered rhombohedral 
cell. The largest component h is put equal to unity in all cases.
Pk -T) .
Determination of the Orientation of Rhombohedral and Cubic Crystals 361
(6) and (7) these may be shown to be 1, 1, 1 and 1/1, 2 cos /? — 1. Further dege­
neracies also arise when the angle /3 takes on certain values. For {111} traces in 
cubic crystals for example we have (3 =  yr/3 and the two orientations corresponding 
to c =  1 for the isosceles triangle are crystallographically equivalent. Thus, in 
this case we may only have one or two independent solutions for the orientation. 
Again when (3 =  jc/2, corresponding to {100} traces in cubic crystals, all four so­
lutions of the quartic equation are equivalent for all possible sets of data.
Having determined a triplet of parameters a, b, c corresponding to a given set of 
data L, M, N, the Miller indices of the surface of the crystal, referred to standard 
axes, can now be obtained using the procedure described in section 2.
The whole analysis described above has been programmed for an electronic 
digital computer, the method suggested by L a n c z o s  [5 ] and B u c k in g h a m  [6] 
being used to solve the quartic equation. Results have been obtained for surface 
traces arising from {111} and {100} planes of cubic crystals and from {111} and 
{100} planes of mercury crystals. As an example of the way in which the results 
may be concisely presented a selection of surface normals of mercury crystals as 
calculated from {111} slip traces is given in the table.
As described in the introduction to this paper, these results may also be pre­
sented on charts [7]. This method is particularly advantageous in indicating clearly 
the ranges of shapes for the triangle L M  N  of Fig. 1 which give rise to different 
numbers of solutions for the surface normal. As the labelling of the corners L, M, 
and N  of the triangle of surface traces is arbitary, it is convenient in this connection 
to make use of a plot which has three-fold symmetry. Thus we have used the 
principle utilized in the plotting of ternary phase diagrams i.e. the sum of the 
three perpendiculars from any interior point of an equilateral triangle to the three 
edges is invariant. Thus, if the three perpendiculars represent the three angles 
of a triangle of surface traces, their sum will always be 180°. This is illustrated 
in Fig. 2 where the ranges for four, two or no solutions for triangles of traces pro­
duced on {111} cubic planes are also shown.
The symmetry of Fig. 2 makes it clear that it is not necessary to make use of 
the whole ternary diagram; the plot consists of six crystallographically equivalent 
right angled triangles. Thus, in the present work the restriction L  ^  M  A: N  
was imposed Kmiting results to the shaded triangle J K L  of Fig. 2. In Fig. 3 we 
make use of this triangle to plot the ranges of four, two and no solutions for values
Fig. 2. Representation of triangles of surface traces on 
a ternary diagram. The triangle reprensented by the 
point P  has angles L, M  and N.  The plot consists of six 
equivalent right- angled triangles one of which is shown 
shaded. The boundaries of the regions in which four, 
two and no solutions for traces produced by cubic {111} 
planes are also indicated
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Fig. 3. The number of solutions for the surface normal for differently shaped triangles of slip traces produced by cubic 
{111} planes and mercury {111} and {100} planes, plotted on the region of the ternary diagram defined by L  ig M  ^  N.  
The boundaries of the regions for these three sets of planes are represented by curves a, b, and c respectively, the number 
of solutions in each case decreasing from four to two to zero as one moves from right to left. To the right of the broken
line cubic {100} traces give one solution, no solutions arising for this system over the remainder of the diagram
of {3 equalling 60°, 70.75° and 98.37°, corresponding to {111} traces in cubic cry­
stals and {111} and {100} traces in mercury crystals respectively. Also shown is 
the region in which the unique solution arises for the degenerate case of {100} 
cubic traces. Use has been made of the ranges for the {111} and {100} mercury 
planes to determine the operative slip plane of this metal [8]. Triangles of slip 
traces were observed experimentally in the range lying outside the {100} no so­
lution boundary but inside the {111} no solution boundary indicating that the 
latter set of planes is operative. A detailed account of this work has been given 
elsewhere [8].
Although a unique crystal orientation cannot normally be obtained directly 
from three surface traces, additional experimental information is often available 
which enables some of the possible solutions to be eliminated. For example, in 
the case of {111} cubic traces, a fourth {111} trace may be present enabling a 
unique choice of orientation to be made [4]. Again in orienting mercury crystals 
from surface traces [9] the correct orientation has to be consistent with thepositions 
of traces produced by deformation twins and their associated surface tilts and 
displacements. Thus, once the limited number of possible solutions which are 
consistent with the angles between three surface traces are known, a unique choice 
of orientation can often be made.
4. Summary
This paper considers the problem of determining the orientation of rhombohedral 
crystals, and therefore as a special case cubic crystals, from traces produced on a 
flat surface of a specimen by three crystallographically equivalent planes sym­
metrically disposed about a triad axis. A method is described whereby the pos­
sible orientations for a given set of angles may be determined using two simple 
physical models in the form of tetrahedra. Results obtained using ,the models to 
determine the orientation of mercury crystals from {111} traces have been found 
to be accurate to within U/g0 on comparing them with numerical results calculated
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using a new algebraic analysis of the problem. The analysis is more general than 
an earlier treatment, which dealt only with {111} traces of cubic crystals, and 
leads directly to the quartic equation which defines the possible normals to the 
crystal surface. The equation has four, two or no real solutions depending on the 
crystal structure and the angles between the traces. Degenerate solutions of this 
equation have been examined and numerical results obtained for { 111} and {100} 
traces in cubic crystals and {111} and {100} traces in mercury. A specimen table 
of results for traces produced by { 111} slip in mercury is presented. A convenient 
method for plotting the results on triangular charts is described and in particular 
this method is used to illustrate the ranges of data giving rise to different numbers 
of solutions for the orientation.
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A b s t r a c t
Crystalline mercury is reported to slip on the {100} planes of the face-centred 
rhombohedral structure, although it has been suggested that theyxperimental 
observations could equally well be interpreted as slip on {111} planes. A  
new single surface analysis is described in this paper which enables these 
two cases to be distinguished unambiguously, and experimental results 
are presented which show that the slip plane is {111}. An extension of the 
method enables an indication of the slip direction to be obtained and this 
is found to be <ll0> which is not the most closely packed direction in 
mercury.
p a d .  m i .
§ 1 . I n t r o d u c t i o n
M e r c u r y  crystallizes at — 39 °c on a single rhombohedral lattice and not 
on two interpenetrating lattices as do the other rhombohedral metals 
antimony, arsenic and bismuth. Mercury thus has a unique crystal 
structure and consequently its deformation modes are of considerable 
interest. These modes were first investigated by Andrade and Hutchings 
(1935) who used cylindrical specimens and concluded that the operative 
slip planes are the {100} planes of the face-centred rhombohedral cell 
to which the structure is most conveniently referred. The identification 
of these planes was based on the measurement of angles between surface 
traces on single crystals of mercury and the result was later questioned 
by Fisher (1943) who claimed that the observations could equally well 
be interpreted as slip on {111} planes. In mercury the axial angle of 
the face centred rhombohedral cell is 98° 22' (Barrett 1957) and thus 
the {111} planes, which contain two close-packed directions of the form 
<110), are more densely packed than the {100} planes, which only contain 
one of these directions as indicated in fig. 1. The operative slip plane 
can of course be determined uniquely using conventional x-ray techniques 
(Andrade 1943) and an investigation of this kind is at present being carried 
out in this laboratory (Heckscher and Rider, unpublished work). " H ow ­
ever, a preliminary study has indicated that, by using a new single surface 
analysis, it is possible to distinguish between the two system s without 
using the x-ray method.
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The new method involves assuming in the first instance that slip in  
mercury occurs on either {100}or{llT } planes, the two slip planes discussed 
above. The possibility o f . both planes being operative, possibly in  
different temperature ranges, and the phenomenon of wavy slip in mercury, 
first reported by Greenland (1937), will be considered later. In  a 
rhombohedral structure there are three variants of both {100} and {111}
Fig. 1
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Planes and directions in the face-centred rhombohedral cell.
and thus, if  slip occurs on all possible variants of either {100} or {111}, 
three sets o f slip lines will be produced on a flat surface o f a mercury 
single crystal. These traces will form a set of similar triangles on the 
crystal surface, the shape of the triangles being uniquely determined by  
the operative slip plane and the orientation of the crystal. Different 
crystal orientations will of course result in different sets of angles between  
the traces but the range o f triangle shapes is not unrestricted for a given  
slip system. Moreover the possible ranges for {100} and {111} slip in  
mercury are different and thus, by determining experimentally the range 
of triangles which occurs in practice, it is possible to distinguish between  
the two systems. In this paper a detailed account of the method is 
presented in § 2 followed by a description o f the experimental procedure 
adopted and the results obtained in § 3.
§ 2 . D e t a i l s  o f  t h e  S i n g l e  S u r f a c e  A n a l y s i s
: L et three crystallographically equivalent slip planes meet at a point O 
and intersect along the lines OA, OB and OC as shown in fig. 2. The 
magnitude o f the three equal angles /_AOB, /_BOC, / _ COA at 0  is 
represented by j3. For {100} slip in mercury we have =  98° 22', the 
angle between any two < 1 0 0 )  directions, and for { 1 1 1 }  slip =  70° 45',
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Fig. 2
o
A‘
The tetrahedron OABC formed by three crystallographically equivalent slip 
planes meeting at the point 0 , and the triangle of slip traces LMN 
produced at the surface of the crystal.
Fig. 3 
N
L Mj
Representation of slip trace triangles on a ternary diagram. The triangle 
represented by the point P has angles f_L, f_M and ^ N . The plot 
consists of six equivalent right-angled triangles, one of which is shown 
shaded. The boundaries of the regions in which {100} and {111} slip 
trace triangles can arise are also indicated.
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the angle between any two (1 1 0 ) directions. Let the surface of the 
crystal intersect OA, OB and OC at distances a, b and c respectively 
from 0  thus forming the triangle of slip traces LMN, as shown in fig. 2. 
The problem now reduces to determining the range of possible shapes 
of the triangle LMN for all positive and negative values of a, b and c when  
/3 takes on the two values quoted above. The procedure adopted in  
obtaining these ranges is described in the Appendix.
In  order to represent the ranges of possible slip trace triangles on a 
convenient two-dimensional plot, use was made of the principle utilized  
in the plotting of ternary phase diagrams, i.e. the sum of the three normals 
from any interior point o f an equilateral triangle to the three edges is 
invariant. Thus if  the three normals represent the three angles o f a 
triangle of slip traces their sum will always be 180°. This is illustrated  
in fig. 3 where the ranges for the triangles produced by {100} and {111} 
slip are also indicated. Three distinct regions arise :
1. The central region in which the slip plane can be either {100} or {111}.
2. Regions near the vertices of the equilateral triangle in which neither 
{100} nor {111} triangles o f slip traces should arise.
3. Intermediate regions in which the slip plane can be {111} but not {100}.
Thus if  all observed triangles of slip traces lie in region 1 the slip plane 
is likely to be {100}. Secondly if  triangles lie in regions 1 and 3 but not 
in region 2 the slip plane cannot be {100} and m ust be {111} if  the basic 
assumption, that slip occurs on three variants o f either {100} or {111}, is 
correct. Finally if  some results lie in region 2 the basic assumption is 
incorrect.
The symmetry o f fig. 3 makes it clear that it is not necessary to make 
use of the whole ternary diagram. This arises because the labelling o f  
the vertices L, M, N  of the slip trace triangles was arbitrary so that the 
plot reduces to six crystallographically equivalent right-angled triangles. 
In  the present work the restriction /_Ju ^ / .M  ^  /_N  was imposed limiting 
results to the shaded triangle JK L  of fig. 3.
§ 3 . E x p e r i m e n t a l  P r o c e d u r e  a n d  R e s u l t s
The method of determining the H g slip system  described in § 2 requires 
slip traces from three crystallographically equivalent slip planes to be 
produced on a flat surface o f a single crystal. A suitable large-grained 
poly crystalline -specimen of mercury was readily obtained by freezing 
a pool o f singly distilled mercury which covered about two-thirds o f a 
clean dry Petri dish. B y  slowly pouring liquid air into the remaining 
one-third of the dish dendritic growth and the formation of small grains 
were minimized and large grains of about 1 cm in width were produced. 
After the whole specimen had solidified, it  was covered w ith a layer of 
ethyl alcohol which removed the frost present on the surface and rendered 
it  suitable for observations. Cooling strains produced by this procedure
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usually resulted in two sets of straight slip traces and some wavy slip 
lines being formed in most of the grains. A further set of straight slip 
traces was produced in a few of the grains, together with increased wavy  
slip generally, by either thermally cycling the specimen from about 
— 50 °c to liquid air temperature, or by indenting the specimen by tapping 
a thin pre-cooled circular rod placed in contact with the surface. The 
angles between the traces were measured to ± using the rotating stage
Fig. 4
Three sets of straight slip traces on the surface of a mercury crystal defining 
a slip trace triangle in region 1 of fig. 3. The wavy slip traces are 
discussed in the text. (Mag. x 60.)
of the microscope. Under the microscope growth ripples can be seen on 
the surface of the specimen but as these are not deflected at grain boundaries 
it is always possible to distinguish them from slip lines. A micrograph 
of a specimen showing three sets of straight slip lines and some wavy slip 
is shown in fig. 4. In this case the angles of the slip trace triangle are 
89-5°, 56-5° and 34-0° so that the triangle lies in the region 1 of the 
ternary plot.
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A summary of the results obtained is given in fig. 5 where the observed 
triangles are plotted on the region of the ternary diagram corresponding 
to  / .L  ^  Z.M ^  I t  is seen that the triangles are scattered throughout
regions 1 and 3 but that no triangles lie in region 2 . As explained in § 2 , 
this indicates that the slip plane must be ( 111) and not {100}.
Fig. 5
o w
60 °
(o - 1455,1,0
(oil)
30°120*
I S O '
180'
90°30”
Observed triangle shapes plotted on the region of the ternary diagram of 
fig. 3 defined by Z.N. The triplets {a, b, c) giving the
ends of the boundary curves are also shown.
One noticeable feature of fig. 5 is that no results lie near the corner K  
corresponding to the equilateral case. This may indicate some preferred 
orientation of the Hg grains but this explanation seems unlikely as 
equilateral slip trace triangles can arise from more than one orientation. 
A  more satisfactory explanation is that for these orientations at least one 
of the slip directions is parallel to the surface of the crystal. For example, 
when [111 ] triad axis is perpendicular to the crystal surface equilateral 
triangles should arise but will not be visible if  the slip direction is (lTO). 
As shown in fig. 1 , this is true whether the slip plane is {111} or {100}. 
Also for the other orientations which give equilateral triangles, one of 
the slip planes always intersects the surface in a (lTO) direction, and if  
this is the slip direction only two sets o f traces will be visible. I t  would  
thus appear that the slip direction is not ( 1 1 0 ), the closest packed direction 
of Hg, but { 1 1 0 )  the long diagonal of the face of the face-centred  
rhombohedral cell. This conclusion is of course rather surprising and
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is currently being checked using x-ray methods. I t  may however be 
related to the phenomenon of w avy slip in Hg, as dislocations with the 
smaller Burgers vector may be able to cross-slip readily and not give rise 
to straight slip traces.
§ 4 . C o n c l u s i o n s
(1) A single surface method of analysis, based on the observed ranges 
of triangles produced on the crystal surface by slip on three crystallo­
graphically equivalent planes, has been developed which enables the 
two suggested slip planes, {100} and {111}, of crystalline Hg to be 
distinguished.
(2 ) An experimental study has been carried out which indicates that 
the slip plane is {111}.
(3) The non-appearance o f certain triangles o f slip traces indicates 
that the slip direction is { 1 1 0 ). This is not the closest packed direction 
of the Hg structure.
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A P P E N D I X
D e t e r m i n a t i o n  o f  t h e  R a n g e  o f  T r i a n g l e  S h a p e s
Before determining the exact form of the curves defining the range of 
possible shapes for the triangle LMN of fig. 2 for a given value of j8, it is 
convenient to obtain an indication of the range by considering the special 
cases of isosceles triangles and triangles in which one angle tends to zero. 
We shall thus determine in the first instance the maximum possible value 
of f l u  when f J K  =  f_N. Two sets of triangles of this kind arise. The 
more obvious set has b =  c and gives maximum f_L, defined by  
cos f_~L =  cosPl(l  +  cos/3), when a =  b cos [3. The second set occurs when 
b and c have opposite signs, the maximum value of f l u  being nr —/3 
corresponding to a =  0 and b =  — c. The relative magnitude of the 
maximum values of f l u  for these two sets of triangles depends on /3, 
the former value being greater when /3 > 7t [2  and the latter when [3 < 7t [ 2 . 
Thus for the cases of {100} and {111} slip in Hg corresponding to values 
of /3 equalling 98° 22' and 70°45' the maximum values of f l u  are 99-80° 
and 109-25° respectively, as shown in fig. 5.
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We consider now the case in which the angle f f N  tends to zero. This 
occurs when c tends to infinity in which case the angle f f L  is maximum  
when a =  —b. For (3 < tt/2 a is positive and the maximum value of f f L  
i s ’given by cos f f L =  — 21/2cosi8 /(l +  cos/?)1/2. The signs of both a and 
cos fJL  are reversed for /3 > tt/ 2 .  Thus for Hg when f f N  =  0 the maximum  
possible values of f f L  for {100} and {111} slip are 102-86° and 113-85° 
respectively as indicated in fig. 5.
I t  is now necessary to deduce the form of the boundary between the 
limiting cases discussed above: This is facilitated by considering the
triplet of parameters (a, b, c) for these extreme cases. As we are concerned 
only w ith the shapes of the triangles LMN it is the relative magnitudes 
of a , b, and c which need to be considered and we may thus let one of these 
parameters be unity. Letting 6 = 1  the triplets for the isosceles triangles 
and / J $  =  0 triangles for {100} slip in Hg may thus be written (0-1455, 1 ,1) 
and (1, 1, oo), the corresponding triplets for {111} slip being (01T) and 
(T, 1, ~o5) as indicated in fig. 5. I t  is also convenient to retain the 
restriction 6 =  1 when dealing with the intermediate values. The 
procedure adopted in obtaining the boundary curves was thus to find 
the value of a which makes fJL  maximum for a given c when 6 =  1, and 
the limiting cases indicate that we need only consider values of c between  
1 and oo for {100} slip and values between —1 and — oo for {111} slip. 
The triplets (a, 1, c) then enable the angles f_L, f_M and /_N  to be 
calculated.
When 6 = 1  the equation d(cos fJL)/da =  0, giving a for maximum fJL,  
reduces to the cubic
A 0 +  A xa +  A 2a2 +  A zaz =  0
where M0=  (1 + c)c2cos/3 (cos/1—1),
A x — (1 -1- c)2c cos2 /3 — c cos /3( 1 +  4c cos2 [3 -1- c2) +  2c2,
A 2 =  3(1 +  c)c cos/? (cos/3 — 1),
A 3 — 1 — 2c cos /3 +  c2 — (1 — c)2 cos2 /?.
This equation has only one real root and this was obtained using New ton’s 
iterative method. The whole analysis was programmed for the Ferranti 
Sirius computer and the resulting curves for the two Hg slip systems 
are given in fig. 5.
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The Determination of the Orientation and Thickness 
of Thin Foils from Transmission Electron Micrographs
By
A. G. Cr o c k e r  (a)1) and M. B e v is  (b)
The problem of determining the thickness and orientation of a thin crystalline foil from 
measured angles between surface traces on a transmission electron micrograph and the  
projected widths of these traces is examined. An analysis is presented for the case of two 
traces produced by known crystallographic planes. It is shown that in general four, two, 
or no possible solutions arise for the foil thickness and that each of these may be associated 
with two possible orientations of the foil normal. The ranges of initial data giving rise to  
different numbers of solutions are examined and a discussion given of additional infor­
mation, which is normally available, which enables some of the solutions to be discarded 
and often a unique choice of solution to be made. The special case of traces produced on 
two {111} planes in cubic foils is examined in detail and numerical results presented.
Es wird das Problem der Dickenbestimmung und der Bestimmung der Orientierung einer 
diinnen kristallinen Schicht aus den gemessenen Winkeln zwischen den Oberflachenlinien 
auf einer elektronenmikroskopischen Transmissionsfotografie und der projizierten Breite 
dieser Linien untersucht. Es wird eine Analyse fur zwei Linien durchgefiihrt, die von be- 
kannten kristallographischen Ebenen erzeugt werden. Es zeigt sich, da6 sich im allgemeinen 
entweder vier, zwei oder keine mogliche Losungen fur die Schichtdicke ergeben, und daB 
jede dieser Losungen mit zwei moglichen Orientierungen der Schichtnormalen verkniipft 
ist. Es werden der Wertebereich fur die Anfangswerte, die zu verschiedenen Losungen 
fiihren, untersucht, sowie ferner zusatzliche, normalerweise verfiigbare Informationen dis- 
kutiert, die es ermoglichen, einige der Losungen auszuschlieBen, wodurch oft eine ein- 
deutige Losung angegeben werden kann. Der Spezialfall von Linien, die auf zwei {111 }- 
Flachen in einer kubischen Schicht erzeugt werden, werden im einzelnen untersucht, und es 
werden numerische Werte hierfur angegeben.
1. Introduction
The crystallographic orientation of a thin foil used in a transmission electron 
microscopy study is usually determined by analysing either the electron diffraction 
pattern or the Kikuchi pattern which may be produced when the electron beam 
passes through the foil [1]. Recently attention has also been directed at the method 
of orienting crystals from the angles between traces produced on a flat surface 
of a specimen by known crystallographic planes [2, 3, 4], and this procedure is 
of particular interest in the case of thin foils where it may not be possible to 
obtain useful patterns [2], Also, transmission electron micrographs provide 
additional information about the orientation of the crystal, as traces can be seen 
on both the top and bottom of the specimen. Thus, in addition to the angles 
between the traces, one can also measure the projected distances between pairs 
of traces. These projected trace widths will clearly depend on the thickness of
1) On leave of absence from Battersea College of Technology.
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the foil and thus, in addition to determining the foil orientation, information about 
the foil thickness can also be obtained in this case.
In the present paper we consider the information which can be obtained from 
a knowledge of the projected widths of two traces and the angle between them. 
In section 2 we show that if this data is available the thickness of the foil can be 
deduced directly. This method has obvious advantages over the usual procedure 
which demands prior knowledge of the foil orientation [1]. The new method does 
not always give a unique solution, however, and the ranges for the different 
numbers of solutions which can arise are therefore examined for the most general 
case of traces produced on any two crystallographic planes. As an example of 
the application of the method, the case of traces produced by two { 111} planes 
in cubic crystals is considered in detail and numerical results presented.
In section 3 we examine the problem of determining the orientation of a crystal 
using the same initial data, two trace widths, and the included angle, and show 
that in general two possible solutions for the orientation are associated with each 
possible foil thickness. However, for the case of two {111} cubic traces, which 
is again treated in detail, it is shown that these two solutions are crystallographi­
cally equivalent. Numerical results for this case are again presented. Finally, 
in section 4, we discuss ways in which a unique choice can be made from the limited 
number of solutions which the basic treatment predicts, and consider certain 
extensions of the analysis.
2. The Thickness of Thin Foils
In this section we consider the problem of determining the thickness of a thin 
foil from a knowledge of the projected widths of two traces and of the angle 
contained between them. Let the planes RXZ and RYZ which produce the traces 
meet along the line RZ as shown in Fig. 1. The top surface of the foil is here 
indicated by SPTQ where RT is normal to the foil and TP and TQ are perpendicular 
to SQ and SP respectively. We represent the thickness of the foil by t and in 
Fig. 1 its lower face is given by S'P'T'Q'. The measured quantities are the angle 
PSQ between the two traces which we represent by 0, and p  and q the projected 
widths of the traces, i.e. the projection in the plane of the foil of the distances PP/ 
andQQ' as shown in Fig. 2. We label the traces so that p  >  q and as the quantities
R
Fig. 1. Intersection of a thin foil SPTQS'P'T'Q' of thickness t with two crystallographic planes RXZ and RYZ
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r
Fig. 2. Projection on to the plane of the foil of the features shown in Fig. 1, thus illustrating 
the measurable trace widths p  and q and the included angle 0
p, q, and t are clearly proportional to each other for a given foil orientation we use 
the ratio pjq in the analysis and calculate the ratio tjq. The true foil thickness may 
then be calculated from the measured width q and the operative magnification. 
The angles RPT and RQT in Pig. 1 are represented by p  and v respectively so that
tan p  — tjp , (1)
tan v =  tjq . (2 )
Choose as basis a triad of unit vectors parallel to PT, PS, and TR so that unit 
vectors perpendicular to the planes RSP and RQS are given by [— sin p, 0, cos p] 
and [cos 6 sin v, sin 6 sin v, cos v] respectively. Forming the scalar product of 
these two vectors we obtain
cos y  =■ Y  [— cos 6 sin p  sin v -j- cos p  cos r] , (3)
the choice of sign on the right hand side being such that y  is the acute angle
between the two planes producing the traces. Using equations (1) and (2) we 
eliminate p, v, and the choice of sign from equation (3) and putting x — {tjq)2 
obtain the following quadratic equation for x :
X 0 +  X lX +  Xja;2 -  0 (4)
where
X 0 =  [ ( l — sec 2y)(p/q)2] ,
Xi  =  [1 +  2 {pjq) cos d sec2 y  +  {p/q)2] ,
X 2 =  [1 — cos2 6 sec2 y\  .
We shall now consider the different number of solutions for t which arise for 
different ranges of the parameters pjq, d, and y. The condition for real solutions
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of equation (4) may be written
[(p/g)2 (1 — siny) +  2 .(pjq) cos 0 +  (1 +  siny)] X
X [(pjq)2 (1 +  siny) +  2 (p/q) cos 0 +  (1 — siny)] ^  0
and, as we have already imposed the condition pjq ^  0 , the second factor is here 
always non-negative. Thus no real solution for x, and hence for t, can arise when
cos 0 <  [(siny — 1) (pjqf  —(sin y +  l)]/2 (p/q) . (5)
This inequality can only operate for values of 0 greater than it — y, no solution 
for t arising for pjq in the range 1 <2 pjq <  (1 +  siny)/(l — siny) at 0 =  it,
and these limits on pjq converging to (1 -f- siny)/cosy as 0 approaches it — y.
Outside this region we obtain two values of x which may be both positive, have 
opposite signs or be both negative. If we exclude negative values of t these three 
possibilities give rise to two, one, or no real solutions respectively for the foil 
thickness. When (Xf — 4 X 0 X2)1/2 >  X x the roots for x have opposite signs and 
we obtain one solution for t. Making use of the fact that X 0 5^  0 for all values 
of y, this inequality is only obeyed when X 2 >  0 i.e. when cos2 0 <  cos2 y. Thus 
for values of 0 lying between y and i t — y we obtain only one solution for t. On 
crossing the boundary from this region we obtain either two positive or two 
negative values for x depending on the sign of X v  Thus if X ± >  0 two solutions 
for t arise and otherwise no solutions. This inequality is clearly always satisfied 
for 0 <  izj2 so that for values of 0 between zero and y we obtain two solutions for t. 
However, for 0 >  it — y the coefficient X x can be either positive or negative, 
the limiting value of p/q again tending to (1 +  sin y)/cos y as 0 approaches it — y 
and being sec2y +  (sec4y — l)1/2, which always lies in the no solution region, 
at 0 =  it.
The analysis given above has been for any two crystallographic planes making 
a known acute angle y with each other. We now restrict ourselves to the case of 
traces produced by two { 111} planes of a cubic crystal. Thus cos y =  1/3 so that 
inequality (5) reduces to
cos 0 <  [(2/2 -  3) (pjqf  -  (2/2 +  3)]/6 (pjq) .
This condition defines boundary I of Fig. 3. No solutions for t can exist to the 
right of this boundary, which meets the line 0 =  it at p/q =  1 and pjq =  ( 3 + 2 /2  )2 
and tends to pjq =  (3 +  2 / 2”) at 0 =  it — y. The second condition, that only 
one solution exists for values of 0 between y and it — y gives a range for 0 exten­
ding 19.47° either side of 0 =  itj2, indicated by boundary lines II of Fig. 3. It 
then follows that two solutions exist for 0 <  70.53°. The curve X x — 0 in the range
Fig. 3. The ranges of pjq and 6 which give rise 
to two, one, and no solutions for the foil thick­
ness when the traces are produced on two {111} 
planes of cubic crystals
180'120' 150'
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Fig. 4. Curves of constant pjq plotted against 
tjq and 0 enabling the thickness of cubic foils 
to be determined from two {111} traces
6 >  109.47° is plotted as curve III 
of Fig. 3. This curve meets the 
line 6 =  n at p/q =  9 + 4  ][~5 and 
lies wholly in the no-solution 
region to the right of curve I so 
that it does not directly separate 
regions with two and no solutions.
It does however result in a region 
with no solutions below the lower 
branch of curve I, and a region 
with two solutions above the 
upper branch of this curve.
From observations of traces in 
electron micrographs it is not in 
general possible to distinguish the 
top from the bottom of the foil
[1] so that the angle between the 
traces may often be taken to be 
either 6 or it —■ 6. Thus, although 
for a given value of 6 we may 
obtain two, one or no solutions 
for t, in practic a given set of 
traces has sometimes to be asso­
ciated with either four or two 
foil thicknesses. The ranges for these possibilities can be readily obtained by 
reflecting the right hand part of Fig. 3 in the line 6 =  tt/2 and combining with 
the left hand part of this figure.
Numerical results for foil thicknesses using { 111} cubic traces have been obtai­
ned and a selection of these is presented in the Table 1. A plot of contours of p/q 
for a full range of values of tjq and d is also given in Fig. 4. This plot complements 
Fig. 3 in illustrating the multiplicity of solutions, although only one solution is 
given for 6 j> 109.47°, the second solution falling outside the range shown.
3. The Orientation of Thin Foils
We here show how the orientation of thin foils may be deduced from the same
initial data as that used in section 2 , i. e. the ratio of the projected widths of
two traces and the included angle. Referring to Fig. 1, the orientation of the foil 
surface SPTQ is fixed relative to the planes RZX and RZY, which produce the 
traces, by the angles RSP and RSQ, the .magnitudes of which we represent by 
0  and 0  respectively. Thus, if 0  and W are known in terms of the initial data 
pjq and d, the orientation of the crystal may be determined.
Let the angle TSP equal rj as shown in Fig. 2 so that we have
tan 0  =  sec /1  tan rj, (6 )
tan 0  =  sec v tan (d — rj) , (7)
and sin^/sin (6 — rj) =  pjq .
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The angles / 1 and v are defined in terms of pjq and tjq, where t is the thickness of 
the foil, by equations (1) and (2). A necessary step in the determination of the 
orientation of the foil is thus the solution of quadratic equation (4) for x =  (t/q)2 =  
--  tan2 v.
It should be noted that, although tan p, and tan v as defined by equations (1) 
and (2 ) are always positive, sec p  and sec v, and hence 0  and ¥  as given by equa­
tions (6 ) and (7), can have either positive or negative signs. For a given value 
of t however only two of the four possible combinations of ± 0  and i  jP, either 
the pairs with the same signs (+<Z>, -\-W  and —0 ,  —¥ )  or the pairs with opposite 
signs ( + 0 ,  — ¥  and —0 ,  -\-¥) satisfy the variant of equation (3) associated with 
an acute angle y. The other two cases are associated with the angle jc — y, this 
arising because a change in sign of cos y  does not affect equation (4) from which 
the values of t are calculated. Thus for a given set of data, pjq and 0, we obtain 
one or two values for the foil thickness each of which is in general associated with 
two possible orientations for the foil surface.
Referring to Fig. 1 we see that the two pairs of solutions for 0  and ¥  for a given 
value of t are related by a rotation of it about RS. Thus, when RS is a two-fold 
axis of rotation of the lattice, the two solutions are equivalent. This is the case 
for example when the traces are produced by { 111} planes of cubic lattices, as 
RS is then parallel to <110>. Thus only one orientation of the foil surface is 
associated with each foil thickness for this special case.
Having determined the angles 0  and ¥  the orientation of the crystal may be 
deduced as follows. Let the Miller indices of the planes RZX and RZY which 
produce the traces be and yi respectively (i =  1,2, 3), and let RZ, their line 
of intersection, be P so that
r* xt =  r* yt =  0 , (8)
where repeated indices indicate summation over the values 1, 2, 3. The directions 
SP and SQ lie in the planes x^  and respectively and thus, representing them 
by p 1 and ql, we have
pi Xi =  qi yi =  0 . (9)
These directions also define the surface of the foil, to which we assign Miller 
indices h so that
p i hi =  qi hi =  0 . (10)
The angles 0  and ¥  are now given by
cos 0  — (Cij p l rj) (Cij p l p i ) - 1!2 (fyj rl P )-1 /2 (11)
cos ¥  =  (Cij ql r!) ( cf qi )-1!2 (fyj rl P )-1 /2 (12)
where is the metric of the direct lattice basis being used, i. e. c^ - =  c* • Cj,
where c* are the triad of primitive vectors defining the direct lattice cell to which
the Miller indices are referred. Eliminating p 1 and ql from equations (9) to (12) 
we obtain the required Miller indices hi in terms of the known indices X{, yi, and 
Ti and the angles 0  and ¥ .  The indices hi do not, of course, define the full orien­
tation of the foil but simply give the direction of the foil normal. However, once 
these indices are known, the full orientation can be readily deduced by using the 
positions of the traces on the micrograph [4]. *
The general solution of equations (8) to (12) is tedious but, when the traces are 
produced by two planes of a set of three symmetrically disposed crystallographi­
cally equivalent planes, as illustrated in Fig. 5, a simple explicit solution for the
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Fig. 5. Intersection of a thin foil F1F2F3F1/F2/F3/ with three crystallographically equivalent 
planes OAjA,,, OA2AS) O A ^  meeting symmetrically at 0
orientation of the crystal surface may be readily obtained. In this case, we choose 
as unit vectors the rhombohedral basis formed by the lines of intersection of the 
three crystallographically equivalent planes, which referring to Fig. 5, make 
angles (3 with each other. The metric c^ j is then given by
( 1 cos [3 cos A
cos /? 1 cos /5 1
cos [3 cos (3 1 /
and we have r{ — [100], =  (001) and yi =  (010) satisfying equations (8). Thus
from equations (9) we have p3 =  q2 — 0 and hence using equations (1)
{hi)r =  (1, - A / f 2, -q ' l f )
where the suffix r indicates that the indices are referred to the rhombohedral 
basis. Also equations (11) and (12) reduce to
cos 0  =  [p^ -jp2 +  cos /3] [(p1jp2)2 +  2 {p^lp2) cos /3 +  I]- 1 /2 , 
cos W — [qxjqz +  cos /?] [(g1/#3)2 +  2 (g1^ 3) cos (3 +  l ]—1/2 
so that the Miller indices of the foil surface are given by
{hi)r =  (1, sin ( ± 0  +  j8)/sin (±£>), sin +  /3)/sin ( ± 0 ) )  . (13)
This result may also be deduced directly from Fig. 5 if we let the angles OFxF2 and 
OFA3 be 0  and W respectively. It will be seen that the alternative signs for 0  
and W discussed earlier are included in equation (13). The choice of the pair of 
signs to be used however is still governed by the correct variant of equation (3).
Applying equation (13) to the special case of traces produced by { 111} planes 
of a cubic lattice we put (3 =  yr/3 and obtain
( W  =  (2, 1 ±  |/3 cot 0 ,  1 ±  i 3 cot W) . (14)
The Miller indices (h{)0 relative to the standard cubic basis may be readily 
derived from equation (14) by using the relation
(^ i)c ~ ( i^)r fie
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where rGc is the 3 x 3  symmetric matrix
( i i F
i T l
\ i l '1/
We thus obtain
(,hi)c — (j/3 sin (0  +  XF), + 2  sin 0  sin W +  j/3 sin (0  — W),
± 2  sin 0  sin W — j/3 sin (0  — ¥ ) )  . (15)
As predicted earlier, changing the signs of both 0  and W in equation (15) 
simply results in a different variant of the same orientation. Numerical solutions 
of these equations giving the orientations of cubic foils as deduced from values 
of pjq and d have been calculated using an electronic digital computer and a 
selection of these is given, together with the foil thickness results, in the Table 1.
4. Discussion
In this paper we have examined the problem of determining the thickness and 
orientation of thin crystalline foils from transmission electron micrographs when 
the only available information is the projected widths of traces produced on two 
crystallographic planes and the included angle between these traces. This is the 
minimum amount of information which can give a limited number of solutions 
and it is interesting to note that, as in the case of orientations deduced from the 
angles between three traces, we obtain different ranges of the initial data which 
result in four, two, and no solutions [2]. This arises because the data consists of 
two independent pieces of information in both treatments. In the present case 
these are the ratio pjq and the angle 6 whereas in the three trace treatment the 
two angles between the traces are used. Thus in both methods it is not possible 
to obtain a unique solution when the minimum amount of information is available. 
This difficulty may be overcome in several ways in the three trace procedure of 
orienting bulk crystals, including making use of a fourth trace [3] or of surface 
tilts and displacements produced by deformation twins [5] and fortunately, in the 
case of thickness and orientation determinations using the method described in 
the present paper, additional information will often be available which will 
restrict the number of possible solutions.
For example, it may be possible to discard some of the solutions because a foil 
of the predicted thickness would not be transparent to a beam of electrons at the 
operating voltage of the microscope. Similarly, it may be clear that very small 
predictions for a foil thickness may be untenable. Situations of these two types 
will arise not infrequently as there is often an order of magnitude difference in 
the two solutions of equation (4), indicating one extreme foil thickness, as may 
be seen from the table.
Secondly, although there will in general be ambiguity in the choice of either the 
angle between the traces or its supplement, as discussed in section 2 , it will often 
be possible to distinguish the top of the foil from the bottom by studying diffrac­
tion effects associated for example with the stacking fault or dislocation lines 
defining a trace plane, so that a unique choice of 6 can be made. In this case the 
maximum number of solutions that can arise for the foil thickness is two, as 
illustrated in Fig. 3, and for a wide range of values of 6 around nf2 a unique
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solution is obtained. Again approximate values of the foil thickness may be 
available from other independent information, such as counts of the number of 
extinction contours in regions where the foil tapers to zero thickness [1], and 
these may enable some of the possible thickness determinations using the present 
method to be eliminated.
If a possible solution for the foil thickness is found to be unacceptable it is 
clear that the associated foil orientation must also be discarded. This procedure 
may also operate in reverse, as in some cases an approximate or unreliable orien­
tation may have been deduced from an electron diffraction pattern of the foil, 
and enable a unique choice to be made from the possible solutions calculated from 
two trace widths. Indeed the present method provides an ideal check for any 
such questionable results.
The general analysis developed in this paper is based on two observed traces and 
can thus be used, for example, to determine the orientation and thickness of thin 
foils of a-uranium when traces are produced by twin interfaces on the two cry­
stallographically equivalent variants of the {130} planes. However, in many 
applications it is possible that other recognizable traces will be present and the 
additional information provided by these should make it possible to make the 
choice of solution unique. Thus, in the special case of { 111} traces in cubic foils, 
which have been discussed in some detail in this paper, a third and even a fourth 
{111} trace may be present. The relative positions of these additional traces may 
then be determined, and possibly their projected widths, and all of this informa­
tion may be used together with the original initial data, in obtaining a unique 
solution for the thickness and the orientation of the foil. Thus we may, for exam­
ple, obtain the position of a third { 111} trace but be unable to measure its pro­
jected width. The orientation of the crystal may then be deduced from the pair 
of trace widths and the included angle, and also from the angles between the 
three traces [3]. On comparing the two sets of solutions it should be possible to 
pick out the correct unique solution. Again, if  the width of the third trace can 
be determined, in addition to its position, the method described in this paper can 
be used three times, taking the traces in pairs, and again a unique orientation and 
thickness deduced. The details of this type of procedure will not be considered 
here however as a host of possibilities arises. However, these may all be treated 
using the two trace width analysis and tables presented here together with the 
three trace analysis and tables given elsewhere [2, 3, 4].
One possibility which has not been discussed in the present paper is that the 
foil may not be perpendicular to the electron beam [6]. If the only information 
available is the basic data of two trace widths and the included angle nothing 
can be deduced about the physical orientation of the foil, but when additional 
traces are present, as discussed above, the different solutions obtained from the 
different sets of data may not be entirely consistent indicating that the foil is 
tilted. Information about this tilt may of course be obtained from these different 
solutions but as yet no general analysis of the problem has been attempted.
Finally, some comment is necessary on the accuracy of results obtained using 
the method described here. No difficulty should of course be experienced in 
obtaining accurate values of the measured angles, and, as shown elsewhere, 
orientations of thin foils can usually be obtained much more reliably using the 
measured angles between three traces, than by using electon diffraction patterns 
[6]. Greater errors will often arise however in measuring the projected widths of 
traces, although the effect of these errors on the predicted thickness and orient a-
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tion will depend critically on the initial data and can most conveniently be assessed 
by examining the numerical results or contour plots such as Fig. 4. Although 
these errors may in certain cases be large, it should be borne in mind that the 
usual procedure for thickness determination itself uses the projected with of one 
trace [1], together with an independently deduced orientation, and is thus subject 
to a similar error.
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A S ing le  Surface A nalysis  o f  Deform ation 
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A B S T R  A C T
Deformation tw ins a re  re p o r te d  to  occur in  c r y s t a l l i n e  
mercury on th e  «pl 1 ol p lan es  o f  th e  face  ce n tred  rhombohedral 
c e l l ,  but a r e c e n t  s tudy  o f  . s l i p  in  t h i s  m a te r ia l  suggests  
th a t  t h i s  r e s u l t  may be in c o r r e c t .  In  th e  p re se n t  paper we 
f i r s t  g ive an a n a ly s is  of th e  geometry of  th e  p o s s ib le  
tw inning modes in  mercury, in c lu d in g  modes of a new type w ith  
four i r r a t i o n a l  e lem en ts , and show t h a t  th e  mode which i s  most 
l i k e l y  to  a r i s e  in  p r a c t i c e  does indeed have a |110} h a b i t ,
A d e t a i l e d  s in g le  su r fa c e  a n a ly s i s ,  no t in v o lv in g  th e  use of 
2 -ray  te c h n iq u e s .o f  one g r a in  o f  a mercury specimen e x h ib i t in g  
fou r s e t s  o f  tw ins i s  then  d e sc r ib e d .  hone o f  th e  tw ins 
belong to  the  10j* mode. However, th e  t r a c e s  and su r fa ce  
f e a tu re s  of a l l  fo u r  tw ins are  c o n s is te n t  w ith  th e  Type I I  
mode w ith  ^ ^ 2  e lem ents g iven  by
’{ U 5} '  {711} '< o 7l > '  < ? 2 1 > .
This mode has been confirmed u s in g  th e  same techn ique  on 
f u r th e r  g ra in s  and a ls o  co n v en tio n a l s in g le  c r y s t a l  methods.
N e ith e r  th e  £ l 10^ nor th e  mode in v o lv es  atomic
s h u f f l in g  bu t th e  H i3 5 V  mode has a much l a r g e r  tw inn ing  
sh ea r . The occurrence o f  t h i s  mode th u s  v i o l a t e s  the  b a s ic
i
\
hypo thes is  'o f . r e c e n t  ' th e o r ie s  of deform ation  tw inn ing . The 
s ig n i f ic a n c e  of  t h i s  r e s u l t  and o f  th e  power of the  s in g le  
su rface  a n a ly s i s  techn ique  are  d isc u sse d .
1. In t ro d u c t io n
The deform ation  modes o f  c r y s t a l l i n e  mercury were f i r s t
i n v e s t i g a t e d :by Andrade and Hutchings (1935)* By measuring
■ angles between, p a i r s  of su r fa c e  t r a c e s  on c y l i n d r i c a l  s in g le
c r y s ta l  specim ens, th e y  deduced th a t  s l i p  and tw inn ing  occur
on OO} and{011} p la n es  r e s p e c t iv e ly .  These in d ic e s  a re  g iven
r e l a t i v e  to  th e  face  cen tred  rhombohedral c e l l  o f  a x ia l
ang le-98°22T ( B a r r e t t  1957), to  which th e  s t r u c t u r e  i s  most
conven ien tly  r e f e r r e d .  I t  was l a t e r  shown by F is h e r  (1943)
th a t  th e  Andrade and Hutchings r e s u l t s  on s l i p  could e q u a lly
—vw ell be i n t e r p r e t e d ' as s l i p  on which seemed more
l ik e ly  as t h i s :i s  th e  c lo s e s t  packed p lane o f  th e  mercury 
s t r u c tu r e .  A s in g le  su r fa c e  a n a ly s is  by Crocker e t  a l  (1963), 
which involved  th e  s tudy  o f  th e  s h a p e s ' o f  t r i a n g l e s  formed by- 
t r i p l e t s  o f  s l i p  t r a c e s ,  showed t h a t  the t r a c e s  were c o n s is ­
te n t  w ith  { i l l }  - s l ip  bu t not {100) s l i p ,  and very  s u r p r i s in g ly  
suggested t h a t  the  predominant s l i p  d i r e c t i o n  i s  no t <101> , th e  
c lo s e s t  packed d i r e c t i o n ,  but/C110>. A more re c e n t  con­
v e n t io n a l  s in g le  c r y s t a l  i n v e s t i g a t io n  by-H ider and Heckscher
(1965) has proved c o n c lu s iv e ly ’' t h a t  th e  s l i p  p lane  i s  i l l  1 ? . I t
-  ) 
showed th a t ,  a t  l i q u i d  n i t r o g e n  tem pera tu re  th e  s l i p  d i r e c t i o n
i s  always bu t bo th  <(110 j  andClOl)> a re  o p e ra t iv e  a t  -70°C
An i n t e r p r e t a t i o n  of  th e se  r e s u l t s  in  term s of d i s lo c a t io n  
geometry has been g iven  r e c e n t ly  by Heckscher and Crocker 
(1965).
These o b se rv a tio n s  on the  s l i p  of  c r y s t a l l i n e  mercury 
suggest t h a t  t h e . tw inn ing  behav iour may a lso  be of c o n - ' 
s id e ra b le  i n t e r e s t ! '  Indeed, th e  f a c t  t h a t  th e  d e s ig n a t io n  
of in d ic e s  to  th e  s l i p  p l a n e .by Andrade and Hutchings (1935) 
was in c o r r e c t ,  i n d ic a t e s  t h a t  th e  o p e ra t iv e  tw inn ing  p lane i s  
u n l ik e ly  to  be *01IV as r e p o r te d  by th e se  a u th o rs .
However, as f i r s t ‘dem onstrated  by Jaswon and Hove (1956), 
the tw inning  mode which, on g e o m e tr ic a l  grounds, i s  most 
l i k e ly  to  be o p e ra t iv e  in  th e  mercury s t r u c t u r e  does have an 
{Oi!| h a b i t .  The p r e d ic t io n  o f  tw inn ing  modes i s  in  f a c t  , 
com paratively  s t r a ig h t - f o r w a rd  i n  t h i s  case as mercury 
c r y s t a l l i z e s  on a s in g le  l a t t i c e  and n o t on two i n t e r ­
p e n e t r a t in g  l a t t i c e s  as do th e  o th e r  rhombohedral m eta ls  
antimony, a r s e n ic  and bism uth . Thus, as i n  th e  b . c . c .  and 
f . c ac. m eta ls  and indium, a l l  of which a re  based on a  s in g le  
l a t t i c e ,  no s h u f f l in g  of atoms need accompany th e  tw inning  
shear in  mercury. However, whereas i n  th e se  o th e r  m eta ls  
each of th e  most l i k e l y  tw inn ing  modes in v o lv es  two c r y s t a l l o  
g ra p h ic a l ly  e q u iv a le n t  tw inn ing  p la n e s ,  i n  mercury th e  two
twinning p lanes  are  >011| , as -repo rted -by -A ndrade  and 
Hutchings, and j10C% . The q u e s t io n  th u s  a r i s e s  why tw ins 
on -flOO} have no t been observed as the. magnitudes of the  
twinning sh e a rs  on th e  two p lan es  a re  i d e n t i c a l .  Jaswon 
and Dove (1956) suggested  t h a t  £l OOj- d id  n o t ope ra te  as a 
tw inning p lane  because i t  i s  th e  s l i p  p la n e , bu t as 
explained above t h i s  i s  now known to  be in c o r r e c t .  In  any 
case s l i p  and tw inn ing  bo th  occur on-jlll}. p lan es  i n  f . c . c .  
m etals . The sh e a r  a s s o c ia te d  w ith  th e  mercury tw inn ing  
mode w ith  1011  ^ and fl 00^ tw inn ing  p lanes  has 'magnitude 0 -46o 
This va lue  i s  unusual.', most tw inn ing  modes having sh ea rs  e i t h e r  
much sm a lle r  or l a r g e r  th a n  t h i s  v a lu e .  F in a l ly  i t  i s  
i n t e r e s t i n g  to  compare the  tw inn ing  behaviour of mercury w ith  
th a t  of f . c . c .  m e ta ls ,  to  which i t s  s t r u c t u r e  approxim ates .
Deformation tw inn ing  of c r y s t a l l i n e  mercury would th u s  
appear to  be a f r u i t f u l  f i e l d  o f  r e s e a r c h  and i n  t h i s  paper 
we d esc r ib e  th e  r e s u l t s  we have ob ta ined  from a s in g le  su r fa c e  
a n a ly s is  o f  a  s in g le  g r a in  of a  f l a t  mercury specimen. As 
in  the  case of s l i p  we have been ab le  to  a r r iv e  a t  very  
d e f in i t e  and s u r p r i s in g  conc lus ions  about the  o p e ra t iv e  
tw inning mode w ithou t making use o f  co n v en tio n a l X-ray te c h ­
niques. In  1*2 we d e s c r ib e  the  geometry of tw inn ing  in
mercury, in c lu d in g  th e  p r e d ic t io n  o f ,p o s s ib le  tw inning  modes, 
and in  {3 th e  experim en ta l procedure adopted i s  d esc r ib ed  and 
our o b se rv a tio n s  summarised*. These o b se rv a tio n s  a re  
analysed in  $4  and th e  s ig n i f ic a n c e  of our conc lu s ions  i s  
d isc u ssed  in  | 5 .
2. Geometry of  Twinning in  Mercury
2.1 General R e la t io n s
The. c ry s ta l lo g ra p h y  o f  defo rm ation  tw inn ing  i s  d esc r ib ed  
in  g e n e ra l  term s in  th e  boohs by H all  (1954) and" 'C hris tian  
(1965), th e  rev iew  a r t i c l e s  by Cahn (1954, 1964) and, more 
r e c e n t ly ,  i n  a paper by B ilby .and Crocker (1965). O n ly 'a  
b r i e f  summary, r e le v a n t  to  th e  case of s in g le  l a t t i c e  s t r u c ­
tu r e s ,  w i l l  th e r e fo r e  be g iven  h e re .  I t  i s  found convenien t 
to  d e s c r ib e  a  defo rm atio n -tw in n in g  p ro cess  by means o f  fo u r  
tw inning  elem ents 3Lj EH 7?i T'h which form a tw inn ing  mode, . 
a lthough a tw inn ing  sh e a r  i s  i n  f a c t  u n iq u e ly  d e f in e d  by 
e i t h e r  K-j an d l js  o r  Eh and'Tjh . The elem ents K-j andT^ are 
the  sh e a r  o r  tw inn ing  p lane  and d i r e c t i o n  r e s p e c t iv e ly !  Es . 
a n d a r e  th e  r e c ip r o c a l  tw inn ing  p lane  and d i r e c t i o n .  The
plane c o n ta in in g  and 192 i s  known as th e  p lane of sh e a r .
/  ■
By in te rc h a n g in g - th e  p lan es  Eh and El and th e  d i r e c t io n s  T)q 
and ^2  one o b ta in s  the  r e c i p r o c a l  tw inn ing  mode-, which invo lve
-  5 -
the same sh e a r  s t r a i n  g as the  o r i g i n a l  mode. C la s s i c a l  
twinning modes are  norm ally  d iv id e d  in to  th o se  w ith  fo u r  
r a t io n a l  e lem ents , which are  termed compound, and th o se  w ith  
two r a t i o n a l  e lem en ts , e i t h e r  K-j ■ a n d o r  Eh - a n d t^ ,  which 
are la b e l l e d  Types I  and I I  r e s p e c t iv e ly .  The r e c ip r o c a l  of 
a Type I  mode i s  c l e a r ly  of  Type I I  and v ic e  v e r s a .
Degenerate cases  of Type I  and Type I I  modes w ith  th re e  
r a t io n a l  e lem ents a ls o  a r i s e  (Crocker 1965). Bhe o r i e n t a t i o n  
r e la t io n s h ip  a s s o c ia te d  w ith  a Type I  tw in  i s  r e f l e c t i o n  in  
K-j and w ith  a Type I I  tw in  i s  r o t a t i o n  of f t  a b o u t131 j the  
two r e l a t io n s h ip s  a re  i d e n t i c a l  fo r  compound tw in s .  I t  has 
been shown r e c e n t ly  (Crocker 1962, Bevis and Crocker "to be 
published) t h a t  sh e a rs  which r e s to r e  a l a t t i c e  i n  a new 
o r ie n ta t io n  may be d esc r ib e d  by unconven tiona l tw inn ing  modes, 
which in  g e n e ra l  have fo u r  i r r a t i o n a l  e lem ents , although, some 
or a l l  o f  th e se  may become r a t i o n a l  in  degenera te  ca ses .
These tw ins do n o t obey the  co n v en tio n a l o r i e n t a t i o n  r e l a t i o n ­
sh ips .
General ex p ress io n s  f o r  th e  sh e a r  magnitude and g e n e ra l  
r e la t io n s h ip s  between th e  tw inn ing  elem ents have been g iven  
by Bilby and Crocker (1965). Dp a rhombohedral. l a t t i c e ,  f o r  
the ca,sc of a compound or Type I  mode .w ith  r a t i o n a l  elem ents 
K-j = (h k l )  a n d ^  = ^u v  w|- th e se  become
— 6 -
er = 
Ea =
4|XTh {(1 -  o ) (1  + 2 c ) p f  ~1 -  1}
1 ,
(1 )
( 2 )
1 ~
Uh -  p |u  + c (v + w)j
Uk -  p£v + c (w 4* u ) |
^.Ul -  p{w 4* c (u + v ) j j
p£ (1 4- c )h  -  c (k  4-1)3 “ Hu
Pp { 0  + c)k  -  c ( l  4- h)J -  Hv
p | '( l  4- c ) l  -  c (h  + -  Hv ! ... ( 3 )
where U = l^u2 + v2 + w2 )4- 2c(uv >  t o  4- wu)A
H = f ( l  4- c ) (h 2 -f k2 4- I 2 ) -  2c (hk 4- k l  4- lh)J'
p = (uh 4- vk 4- v l )
and c i s  th e  cosine o f  th e  a x i a l  angle o f  th e  rhombohedral. 
c e l l .  S im ila r  r e l a t i o n s  hold f o r  Type I I  tw ins on i n t e r ­
changing- K-j, Y12 and Ea , TJ1 * ^ or a £ iven tw inn ing  mode only a 
f r a c t io n  of th e  p a re n t  l a t t i c e  p o in ts  a re  i n  g e n e ra l  sheared  
to l a t t i c e  p o in ts  o f  th e  tw in . This f r a c t i o n  may be d e t e r ­
mined from the  q u a n t i ty  q = I""^p. Por face  cen tred  c e l l s  the 
fa c to r  I  i s  u n i ty  when. h , k , l  a re  a l l  odd and o therw ise  i s  one 
h a lf  and, i n  d e te rm in ing  p ,  fuvw} must be a p r im i t iv e  . l a t t i c e
vec to r. When q i s  odd a f r a c t i o n  o f  th e  l a t t i c e  p o in ts
are sheared c o r r e c t ly  .and when q i s  even th e  f r a c t i o n  i s  
2ef1.
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2,2 P o ss ib le  Twinning Modes
As exp la ined  by B ilby  and Crocker (1965) eqn. ( l )  may be 
used to  determ ine tw inn ing  modes w ith  sm all sh ea rs  f o r  a g iven  
value of the  param eter q d e f in e d  in  j?2.1. V/e a re  here  prim­
a r i ly  in t e r e s t e d  in  modes in v o lv in g  no s h u f f l e s  and th u s  s e t  
q = 1 or 2. This g iv e s  r i s e  to  f iv e  modes w ith  sh e a rs  l e s s  
than u n i ty  to g e th e r  w ith  the  co rrespond ing  f iv e  r e c ip r o c a l  
modes. These modes are  l i s t e d  in  o rd e r  o f  in c re a s in g  sh ea r  
magnitude as modes 1 to  5 of Table 1. I t  w i l l  be seen  t h a t  
three of the  modes a re  compound and two a re  of Type I ,  the  
corresponding r e c i p r o c a l  modes being  compound and o f  Type I I  
r e s p e c t iv e ly .  Mode 1 i s  th e  one p re d ic te d  by Ja.swon and Dove 
(1956), th e  EB p lane b e in g  th e  tw inn ing  p lane re p o r te d  by 
Andrade and H utchings (1935).' Dove (1956) a lso  found modes 
5, 4 and 5 bu t d id  n o t o b ta in  mode 2. Kiho (1954) r e p o r te d  
mode 1 and a lso  th re e  modes w ith  sh e a rs  between 1 and 5 /2  bu t 
did not g ive modes 2 to  5 . Cto© i n t e r e s t i n g  f e a tu r e  o f  th e  
modes i s  t h a t ,  o f  th e  e ig h t  r a t i o n a l  tw inning  p la n e s ,  th re e  
are 1}, th e  observed s l i p  p la n e s ,  and - a f u r t h e r  twTo are  
|100}, which were fo rm erly  thought to  o pera te  as s l i p  p la n e s .
Mode 6 of Table 1 i s  the mercury tw inn ing  mode w ith  th e  
sm allest sh e a r  i n  which only o n e -h a lf  o f  th e  atoms are  sheared  
to  c o r re c t  tw in  s i t e s .  I t  w i l l  be seen  t h a t  i t  has an
i
t
excep tionally  sm all shear,, much sm a lle r  th a n  t h a t  f o r  mode 1, 
but i s  not expected to  opera te  in  p r a c t i c e  due to  th e  la rg e  
shuffles  invo lved . No n o n -co n v en tio n a l tw inn ing  modes w ith  
four i r r a t i o n a l  e lem ents , in v o lv in g  no s h u f f l e s  and sh ea rs  
le ss  than  u n i ty ,  e x i s t  f o r . t h e  mercury s t r u c t u r e .  However, 
mode 7 of f a b le  1, i n  which h a l f  th e  atoms must s h u f f le  i s  o f  
th is  type and has a com parative ly  sm all sh e a r .  A f e a tu re  of 
th is  kind of mode i s  th e  f a c t  t h a t  th e  in d ic e s  of th e  tw inn ing  
plane and the- o th e r  tw inn ing  elem ents a re  d i f f e r e n t  r e l a t i v e  
to the p a ren t  and tw in  b a se s .  ■■■Each of th e se  modes c a n .th u s  
be defined  in  two d i s t i n c t  ways, th e  mode corresponding, to  
mode 7 being  g iven  as.mode 8 in  f a b le  1. Again i t  i s  f e l t  
th a t ,  due to  th e  l a rg e  s h u f f l e s  in v o lv ed , modes 7 'and 8 a re  
un like ly  to  be o p e ra t iv e  in  p r a c t i c e .  The f . c . c .  tw inn ing  
modes corresponding  to  the  f . c .  rhombohedral modes of f a b le  1 
may be ob ta ined  by . l e t t i n g  c = o. Mode 1 th e n  d eg en era te s  
to a mode w ith  zero sh e a r  and bo th  .modes 2 and 5 become the
operative f . c . c .  tw inn ing  mode w ith  elem ents i d e n t i c a l  to  those
JL
of mode 5 and sh e a r  e q u a l l in g  .2“ 2. fhe  f . c . c .  mode a r i s i n g
from mode 3 i s  a compound mode w ith  the  same tw inn ing  elem ents
x
and shear e q u a l l in g  2 £. The Ks and elem ents of mode 4 
become {iTTj and 0 4 7 ^ > a n d  th e  tw inn ing  sh ea r  ( 3 / 2 ) 2. f h i s  
mode i s  p a r t i c u l a r l y  i n t e r e s t i n g  a s ,  a l though  th e  fo u r  tw inn ing
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e l e m e n t s  are r a t io n a l ,  i t  i s  jao t-a  conventional compound mode , • ^
" f l l a   ^ ^  J&tU X v g ?  ire  £ &  ^ \-K -e ,c y\ f  ^  J s ^ e ^ J j u ^ s
. i t  ^  w * ~ _j __  c - s - v ^ c l  i  ■,— * -  j i l —■ vT%~ d g ,
$he shears re s to re  the s tru c tu re  d i re c t ly  fo r  twinning on both. /" v 
1 and Eh, no shu fflin g  being necessary, bu t, although the ; ;
i ig  1-* *
orien ta tion ' re la t io n sh ip  ' fo r  Jbwinning on i s  s^nhnslzfrmrfb, /
if  ~ r i i f - ^ w Xthat for twinning on Kh is  -smsh The o rien ta t io n
relationship may, however, be achieved in  the l a t t e r  case i f
two-thirds of the atoms sh u ff le .  F in a lly , modes 6, 7 and 8
a ll  become v a r ian ts  of the f . c . c .  mode with elements id e n t ic a l  ,
■ __j_
to those of mode 6 and twinning shear equalling  8 2. This 
mode was suggested by Jaswon and Dove (1957) as a, possible 
mode.for twinning of m ate ria ls  with the diamond s tru c tu re .
2.3 Surface Features
In §4 we sh a l l  be using a l l  the av a ilab le  experimental 
information which can be obtained from a s ing le  surface of a 
f la t  specimen. This includes the magnitude of the surface 
t i l t  associated with a twin and the displacement of s l ip  l in e s  
and other traces  when they are sheared by the twin. Analytic 
expressions fo r  these q u an ti t ie s  are obtained below.
Fig. 1 (a) i s  a schematic rep resen ta tio n  of a twin meeting 
the surface of a c o s t a l  a t  an angle c< to  th e  vertice.1. The 
surface t i l t  i s  given by 0 and the twinning d ire c tio n  makes an
-  1 0  -
angle r- -  y  with the trace  of the twin in  the surface* Prom 
this diagram i t  i s  re ad ily  shown th a t  0 and the apparent sur­
face shear s are  given by
tan 0 = g cos y sec2 ■ + g cos y tan<*} . (4)
s = g s in  y f s e c o c  + g cos y ,sinc^J~^, *. (5)
where the signs o f .th e  angles are as ind icated  in  the diagram.
A plan view of the c ry s ta l  s u r fa c e .showing a s l ip  l in e  sheared 
by the twin is  given in  Pig* 1(b), The a n g l e s a n d  f t 2  which 
the s l ip  l in e  makes with the tw in .trace  can be measured and 
enable s to  be determined, using the r e la t io n
s = cot -  cot jS2  f .1 (6)
and compared with the value pred ic ted  by eqn, (5). The angle 
0 may be measured d i r e c t ly  as described in  sec tion  1 5- szi<3- com­
pered with th a t  given by eq/n. (4 )*
A feature  of s ing le  surface analyses basedv on the angles
between traces  i s  th a t  i t  i s  not possib le  to  d is t in g u ish
between the true  c ry s ta l  o r ien ta tio n 'an d  the m irror image of 
this o r ien ta tio n " in  the specimen surface. Reference to 
kigB 1(a) ind ica tes  th a t  the e f fe c t  of re f le c t in g - th e  c ry s ta l  
in th is  way i s  to  reverse the s ign  of o< and to  change >fto i t s  
supplement. Hence, using eqns. (4 ) nhd (5 ), the sign of 0 i s  
reversed but s remains unchanged. Thus when some of the
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traces are produced by twins, and the sense of the surface 
t i l t s  can be determined, i t  i s  possib le  to  ascribe a unique 
orientation to  the c ry s ta l .
 ^ Experimental Procedure and ObservationsXL..* ................ ^  1 ■' "    —' ■"        ................. . . . . .   
Elat p o ly c ry s ta l l in e  specimens containing elongated grains 
about 1 cm across were prepared by ca re fu lly  freezing  pools 
of mercury, using the procedure described previously (Crocker 
et a l 1963). A fter the specimens had s o l id i f ie d  they were 
covered with e thy l alcohol which removed f ro s t  from the su r­
faces and made them su itab le  fo r  observation. They were then 
deformed, a t  various ■ temperatures between th a t  of l iq u id  
nitrogen and -50°C, by tapping a th in  pre-cooled rod placed in  
contact with th e i r  su rfaces . Deformation twins on severa l 
d ifferent planes were observed to form in  ind iv idual grains 
throughout th i s  temperature range. . One p a r t ic u la r  g ra in  was 
chosen fo r d e ta i led  ana lysis  as i t  c le a r ly  showed three  se ts  
of s l ip  traces  and four se ts  of twins. I t  i s  shown in  Eiga2, 
the s l ip  l in e s  being lab e l led  8^ and the twins T^? T^,
T^. In ad d it io n ,a  uniform se t of growth r ip p le s  B is  
present over the whole'surface together with various accommoda­
tion featu res including some wavy s l ip  (Greenland■1937).
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The angles between trace  and traces  Sp , 3p,
I ^4  were measured to  ±^°using the ro ta t in g  stage
of the  m ic ro sc o p e  and foun d  t o  be 7Qi°,  10 0° , 49°* 134°, < :
170°, 27° re sp ec tiv e ly . The senses of the surface t i l t s
associated with the twins could be d istingu ished  very read ily
and a re  i n d i c a t e d  i n  E ig .  2. An e s t im a t e  o f  t h e i r  m a g n i tu d e s
was also obtained by determining the p o s it ion  of a lamp which
gave maximum in te n s i ty  of re f le c te d  l ig h t  when viewing the
t w in s  through a microscope se t  normal to  the specimen surface.
The t i l t  0 could then be ca lcu la ted  from the angle of incidence
© using the r e la t io n
M s i n  2 0 = cos  cp . .  . .  (7)
whereyU, th e - re f ra c t iv e  index of e thy l alcohol was taken to
be 1*9^. The r e s u l t s  fo r  the four 'tw ins are given in  Table 2 .
Compared w i th  t h e  m easu rem en ts  o f  th e  a n g le s  be tw een  th e  t r a c e s
/* •
these re su l ts  are very inaccurate but, as described in  g 4 > they 
prove an invaluable check in  the analysis  of the observations, 
f ina lly  the apparent surface shear s was determined by examining . 
the shear of s l ip  l in e s  and r ip p le s  which pass through the twins* 
Again the sense of the shear i s  very c lea r  in  a l l  four cases, 
being as ind icated  in. Eig. 2 . The magnitudes of the shears were 
determined by measuring''the angles and defined in  Eig. 1 (b),
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for the four twins, end su b s t i tu t in g  in  eqn. (6).  The 
a c c u r a c y  of the r e s u l t s  depends c r i t i c a l l y  on the magnitudes 
offi  ^ a n d p 2 > when e i th e r  departs appreciably from g. In 
addition the a n g le g ^  i s  d i f f i c u l t  to  measure, p a r t ic u la r ly  
for the narrow twins. The r e s u l t s ,  together with an estimate 
of the erro rs  A s  involved in  each case, are given in  Table 2.
4. Analysis of Observations
4,1 O rienta tion  Determination
In a previous paper (Bevis e t a l ,  1964) we described 
methods of determining the o r ien ta t io n  of rhombohedral c ry s ta ls ,  
and in p a r t ic u la r  mercury, from the angles between th ree  se ts  
o f-c rysta llograph ically  equivalent s l ip  traces  on a s ing le  su r­
face, E ssen tia l ly  th ree  d i f f e re n t  p r o c e d u r e s  are av a ilab le , 
one based on stereographic m anipulations, another on the use 
of simple physical models and a th i rd ,  an exact ana ly tic  
method involving the so lu tio n  of a quartic  equation. These 
produce four, two or no possible o r ien ta t io n s ; depending on the 
angles between the tra c e s .  In the present app lica tion , in  
which the traces  are produced by s l ip  on the three >111 j- mercury 
planes, the f i r s t  method was found to  be most inadequate. The 
analytic method was the re fo re  employed and fo r  the gra in  shown
- 1 4  -
in Big. 2 gave two possible o r ien ta t io n s  which w il l  be labe lled
I and I I ,  The M iller indices of the surface corresponding to
these o rien ta tions  were ca lcu la ted  to be -jl, 0*422, O l 2 l j  and
il»tM73s 0*131 j' re sp ec tiv e ly . . The method using models was
also used to o rien t th is  g ra in  and the r e s u l t s  were found to
agree with the ana ly tic  so lu tions  to w ithin lv° . I& order to
i.decide which of the two possible o r ien ta tio n s  i s  correct i s  i s  
necessary to make use of the add itiona l information provided 
by the tw ins„ This i s  done in  §y 4 . 2  and 4.3.
4.2 In te rp re ta t io n  in  Terms of 1100} and *0113' Twins 
The most obvious deduction to make from the appearance of 
four twins on d if fe re n t  planes in  a s ingle  gra in  of mercury, 
is that both /100) and -foi ij , the and planes of mode 1 
of Table 1, are ac ting  as composition planes, as there  are 
only three v a r ian ts  of each se t  of planes. In order to  t e s t  
this hypothesis the standard mercury stereogram shown in  F ig .3 (a) 
(Bacon et a l .  19 6 4 ) was ro ta ted  to the two o rien t eh ions 
deduced in  j 4 . T .  The re s u l t in g  p ro jec tio ns , with the poles
r, * '> ( ")of the |100b and ^ 0 1 planes in d ic a te d , . are given in  
Figs.3(b)' and (c) ,  together With the traces  of the normals to 
the s l ip  and tw in 't ra c e s .  The f 111  ^ poles do of course -lie 
exactly-on 'the 'norm als’ to  the s l ip  traces  fo r  both o r ien ta t io n s ,
%
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p r o v id i n g  a usefu l check on the o r ien ta t io n  determinations 
d e s c r ib e d  in  $4 .1 . , -  However, in  n e i th e r  case is  there  very 
satisfactory agreement fo r  the twins. Using a 40 cm diameter 
stereographic p ro jec tio n , the angles between the normals to  
T. ■ T~p T/' and the  nearest gpl 00$ orp011$ twin pole were
1 J T"
0°,.5i°, 2°, 5° and 10°, 9 i ° l  2° re sp ec tiv e ly  fo r  the
two orien ta tions.
Orientation I I  can thus be discarded immediately, i f  a l l  
the twins are to  belong to  mode 1 or i t s  re c ip ro ca l .  There 
is however a p o s s ib i l i ty  th a t  the discrepancies fo r  o r ien ta t io n  
I are due to e rro rs  in  measurement, but on examining the sur­
face t i l t s  and displacements, which would be associa ted  with 
the ..-suggested, twins-, i t  i s  re ad ily  seen th a t  the approximate 
agreement i s  fo r tu i to u s .  This i s  c lea r ly  i l lu s t r a t e d  by twrin 
T,| which in  Fig.3(b) appears to have a (100) composition plane* 
The twinning d ire c tio n  corresponding.to th is  plane i s  L01 ij 
which, as indicated  on the stereogram, i s  approximately p a ra l le l  
to the specimen surface . The surface t i l t  associated  with 
this twin would thus be very small and quite  incon sis ten t w ith 1 
the measured value of 20°. . The ac tua l t i l t s  0^  fo r  the four 
twins have in  fa c t  been ca lcu la ted  using eqn . (4),  the angles Y 
and being measured from the stereogram. • They are given in
-  1 6  -
Table 2. Comparing them with the observed values i t  i s  c lea r  
that the hypothesis th a t  the four twins belong to  mode 1 or
<- '
its reciprocal must b e ' abandoned. . '
I . 3 In te rp re ta t io n  in  Terms of 1i 1351  ^ Twins 
Following the f a i lu re  of the attempt described in  §4*2 to 
index the twins shown in  F ig .2 in  terms of the flOOi and ^011? 
composition planes of mode 1> i t  was decided to  see whether 
they were consis ten t w ith 'any of the other modes given in  
Table 1. We do not consider modes 6, 7 and 8 which involve 
shuffles and can also elim inate the flOOj and ?1lTj: hab its  of 
modes 2, 3 and 5 which were considered in  -Figs,3(b) and (c).
This leaves the ’11 ’ hab it of mode 2, both twinning planes 
of mode 4 and the (111).hab it of mode 5. As the shear of 
mode 2 is  much sm aller than th a t  of modes 4 and 5, we sh a l l  
f irs t  examine whether the twins may l i e  on four of the s ix  
variants of *|13
The stereograms of F igs.3(d) and (e) give the two possible 
orientations . of"the specimen with the ,.*|i'35}! poles ind ica ted . 
It is seen immediately th a t  there  i s  very, good agreement b e t­
ween the normals to  the twin braces and four of the ’ f 135}’ 
poles in Fig.3(d) fo r  o r ien ta t io n  I ,  -the d iscrepancies being 
i°* i°s 2r°, 0° fo r  twins re sp ec tiv e ly .
-  17 -  '
There i s  no such, agreement for o r ien ta t io n  II* The magni­
tudes of the surface t i l t s  6^ fo r  o r ien ta t io n  I ,  calcula ted  
using eqn. (4),  are given in  Table 2 and are in  sa t is fa c to ry  
agreement w ith  the measured values. They are however a l l  in  
the wrong sense in d ica tin g , as discussed in  §2.3,  th a t  the 
correct o r ien ta t io n  of the g ra in  i s  the m irror image in  the J :
specimen surface of the o r ie n ta t io n  shown in  P ig .3 (d ) . The 
senses of these t i l t s  can he re ad ily  deduced by re fe r r in g  to 
Tig.3(f), which shows o r ien ta t io n  I with the poles and traces  
of the re le v a n t■twin planes and the poles of the corresponding 
■twin d irec tions ind ica ted . I t  must be'borne in  mind when using 
this stereogram th a t  the p ositive  side of the fv1351f twinning 1
plane shears in  the p o s it iv e  < 1 21 V d irec tio n .
■ •
The magnitudes of the surface shears were ca lcu la ted  
using eqnj(5) and the re s u l t s  'are again given in  Table 2. They 
are in very good agreement with the measured shears fo r  these 
twins, and as shown by f i g . 3 ( f )  the senses are co rrec t in  a l l
. '1 '
■ '-Ifour cases. There i s  thus overwhelming evidence- th a t  a l l  four
traces are produced by the rec ip ro ca l  of mode 2 of Table 1 and 
.incidentally th a t  o r ien ta t io n  I i s  the m irror image in  the 
specimen surface of the true  o r ien ta t io n  of the g ra in . I t  i s
therefore unnecessary to  consider the p o s s ib i l i ty  of modes 4
' ■ 1
and 5 being operative .
-  18 -
c; Discussion' ","1"
This paper has', c l e a r ly  i l l u s t r a t e d  th e  w ea lth  of inform a­
tion which can be ob ta ined  from a d e t a i l e d  s in g le  su r fa c e  
analysis of a s in g le  g r a in  of a specimen. This techn ique  has 
proved p a r t i c u l a r l y  v a lu a b le  in  th e  case of c r y s t a l l i n e  mercury, 
where, due to  the dangers of lo s in g  specimens th rough  m e lt in g ,  
X-ray work, and o th e r  le n g th y  experim en ta l p rocedures  arc- 
inconvenient. In  theso  c ircum stances i t  i s  a l s o  n ecessa ry  to  
obtain c le a r  m icrographs, p ro v id in g  as much d e t a i l e d  in fo rm a tio n  
as p o ss ib le ,  so t h a t  f l a t  specimens are  i d e a l .  I t  has c e r t a i n l y  
been s a t i s f y in g  to  supplement our e a r l i e r  s in g le  su r fa c e  a n a ly s i s ,  
which enabled th e  s l i p  p lane  and d i r e c t io n  of mercury to  be 
deduced, by the  p re se n t  work on tho o p e ra t iv e  tw inn ing  mode.
I t  should be s t r e s s e d  however t h a t  th e  techn ique  i s  p o t e n t i a l l y  
of very wide a p p l i c a t io n ,  p a r t i c u l a r l y  in  the  case o f  sm all 
grained p o ly c r y s t a l l in e  specimens where X-ray  o r i e n t a t i o n  
determ inations may be d i f f i c u l t .
The f u l l  s in g le  su r fa c e  a n a l y s i s •of tw inning in  one g ra in  
of c r y s t a l l i n e  m ercury, which has been d esc r ib ed  in  t h i s  paper, 
has been re p e a te d  on one o th e r  g r a in  c o n ta in in g  two tw ins and 
three s e t s  of s l i p  t r a c e s .  The agreement between th e  observed 
traces , t i l t s  and sh e a rs  and the  fes ,tu res  expected  to  a r i s e
- 1 9 -
from the ’1 13551 tw inn ing  mode was aga in  e x c e l l e n t .  In a d d i-  
tion, p r e l im in a r y ' r e s u l t s  by Heckscher and Guyoncourt 
(unpublished w ork ), in v o lv in g  X-ray o r i e n t a t i o n  d e te rm in a t io n s  
and conventional s in g le  c r y s t a l  specim ens, have a lso  in d ic a te d  
that the o p e r a t iv e •tw inn ing  p lane i s  * ^135i f . There ' i s " th u s  
overwhelming evidence i n  f a v o u r .o f  t h i s  mode.
This r e s u l t  i s  very  s u r p r i s in g .  In  only one o th e r  m eta l , 
^-uranium, have Type I  or Type I I  tw inn ing  modes been observed 
(Calm 1953) send even th en  the-’predominant mode i s  compound.
Also, in  mercury, no t only i s  th e  o p e ra t iv e  mode of Type I I ,  
but i t  i s  p r e f e r r e d  to  a-compound"mode w ith  a much sm a lle r  
shear. Indeed, fo r  a m eta l which tw ins so p ro fu s e ly ,  the  
twinning sh ea r  o f  mercury i s  e x c e p t io n a l ly  h ig h . This behaviour 
cannot be a t t r i b u t e d  to  un favourab le  s h u f f le  mechanisms as th e  
-structure of mercury i s  based on a s in g le  l a t t i c e  and no t a 
double l a t t i c e ,  as i s  ot-uranium . Thus, whereas atomic 
shuffles are  n ecessa ry  f o r  tw inn ing  in  c*-uranium, t h i s  i s  no t 
the case fo r  mercury, so t h a t  th e  tw inn ing  mechanisms should 
bo p a r t ic u la r ly  s im ple . In  a d d i t io n  no tw ins have been obser­
ved on £ 111 I th e  tw inn ing  p lane rec ip roca l!  to  T£ 1 1 s a l though
this might be- exp la ined  by the  f a c t  t h a t - t h i s  i s  the  o p e ra t iv e  .■■ 
slip plane and th e  co rrespond ing  tw inn ing  d i r e c t i o n ,  which i s
-  2 0  -
irra tional, i s  approximately p a r a l le l  to  the predominant s l ip  
direction.
U n fo rtu n a te ly , due to  the  i r r a t i o n a l  n a tu re  of  bo th  th e  ; 
Ih plane and the p lane  o f  s h e a r ,  i t  i s  no t p o s s ib le  to  p re se n t  
a n  accurate simple p in t  of the  atomic m ovem ents;associa ted  w ith  
the ’ | l  353 f tw inn ing  mode. However an in d ic a t io n  o f  th e  move­
ments involved may be ob ta ined  by making th e  approxim ation  
c = -  1/7 f o r  c = -  0.1454, th e  cosine of  th e  a x i a l  angle  of 
the rhombohedral c e l l .  The elem ents Eq and'*} 2 iken  become 
(135) and [01 l l  r e s p e c t iv e ly ,  as in d ic a te d  i n  Table 1, and th e  
plane of sh ea r  becomes (311), which has a f o u r - fo ld  s ta c k in g  
sequence. The r e s u l t i n g  p lo t  i s  shown as f i g . 4. I t  c l e a r ly  
i l l u s t r a t e s  th e  sim ple n a tu re  of the  tw inning sh e a r  in  t h i s  
case. I t  should be noted  however t h a t ,  a lthough  the'mode i s  
now apparen tly  compound, the o r i e n t a t i o n  r e l a t i o n s h i p  must 
remain th a t  of a Type I I  tw in , r o t a t i o n  of  71 about , i f  
shuffles are  to  be avoided.
As mentioned in  M , the previously reported twinning mode 
of crysta lline  mercury was unusual in  th a t  other operative 
inodes have e i th e r  much sm aller or la rg e r  sheens. How th a t  i t  
is known th a t  t h i s  mode i s  not the predominant twinning mode, 
the division of operative modes in to  two groups becomes very
n a rk e d .  This may well ind ica te  th a t  low and high shear twins 
.are nucleated homogeneously end inhomogeneously respec tive ly . 
Well known d is lo ca tio n  models do, of c o u r s e e x i s t  for  the
_i_
nucleation of tw ins w ith  sh e a r  e q u a l l in g  2~2 in  b . c . c .  and 
f .c .c .  m etals ( C o t t r e l l  end B ilby  1951, Venables 1964) nnd th e  
correspondence, no ted  in  _§2.2, between th e  f . c . c .  mode and th e  
1  ^155f T mode may thus  be s i g n i f i c a n t .  However, whereas tw inn in  
d is loca tions  may be produced by elem entary  d i s s o c ia t io n s  of 
slip d i s lo c a t io n s  in  cubic c r y s t a l s  t h i s  i s  no t p o s s ib le  in  
mercury, where no sim ple r e l a t i o n  e x i s t s  between the  Burgers 
vectors of p a r t i a l  s l i p  d i s lo c a t io n s  end tw inn ing  d i s l o c a t io n s .  
Che same problem a r i s e s  f o r  the  w e l l - e s ta b l i s h e d  121 ( tw ins 
in..h.c.p. m eta ls  (R ee d -H il l ,  1964), f o r  which the  magnitude of 
the twinning sh e a r  ± s ^ ~ \  where i s  th e  'a x i a l  r a t i o .
In order to  c l a r i f y  the  problems which have a r i s e n  from 
th is in v e s t ig a t io n ,  f u r t h e r  experim en ta l work i s  c l e a r ly  
necessary. Come a d d i t io n a l  in fo rm a tio n  can s t i l l  be ob ta ined  
using s in g le  su r fa ce  a n a ly se s ,  p a r t i c u l a r l y  now t h a t  th e  tw in ­
ning plane i s  known. Thus, f o r  example, accommodation e f f e c t s  
at twin i n t e r s e c t io n s  can be s tu d ie d .  An i n t e r e s t i n g  example 
of th i s  does in  f a c t  a r i s e  a t  th e  lower r i g h t  hand s id e  of th e  
grain shown in  B ig .2, where, a t  th e  i n t e r s e c t i o n  of tw ins Tp 
and T^, a co n s id e ra b le  amount of s l i p  has occurred  on system 
^2. These t r a c e s  are  produced by 1(3 5 1 )’ , ’ (5 3 1 )1 and (111)
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ulanes r e s p e c t iv e ly ,  which have an approxim ately  common l i n e  
of in t e r s e c t io n  along |1 1 2 J . Other well-known f e a tu re s  
associated w ith  tw inn ing , such a-s c ro ss - tw in n in g  (C&hn 1964) 
and indented tw in  boundaries  (Hull 1964) have been noted  on 
f la t  specimens of mercury and r e q u i r e  • f u r t h e r  in v e s t ig a t io n *  . 
However, in  o rd e r  to  o b ta in  an adequate.■understanding of th e  
operation of  th e  mode, a co n v en tio n a l s in g le  c r y s t a l
study of the  e f f e c t s  of o r i e n t a t i o n  and tem pera tu re  on the  
operative defo rm ation  modes in  s in g le  c r y s t a l s  i s  a lso  being  
carried ou t. In  p a r t i c u l a r  d e t a i l e d  in fo rm a tio n  on the  
i n t e r - r e l a t io n  of  tw inn ing  and s l i p  i s  n e c e ssa ry ,  p a r t i c u l a r l y  
at low tem p era tu res  where the  o p e ra t iv e  s l i p  d i r e c t i o n s  a l l  
l i e  in  the unique ( i l l ) ,  p lan e . This in v e s t i g a t io n  should 
also enable e f f e c t s  of e l a s t i c  a n iso tro p y  to  be e v a lu a ted . 
Another to p ic  o f  i n t e r e s t  i s  th e  m a r te n s i t i c  t r a n s fo rm a tio n ,  
which hen been re p o r te d  to  occur, on th e  b a s is  o f  2 - ra y  ev id ­
ence only, a t  very  low tem p era tu res  (S c h irb e r  and Swenson 1962) 
for a l l  th e se  phenomena i t  i s  of course .■ des irab le -  to  o b ta in  
d irec t in fo rm a tio n  on t h e .d i s lo c a t io n s  * and ' f a u l t s  p re se n t  in  
the mercury s t r u c t u r e  and i t  i s  hoped t h a t  t h i s  w i l l  be p o s s ib l  
using e i t h e r  e l e c t r o n  microscopy or X-ray te c h n iq u e s .  -
The im portance of the  r e s u l t s  o f  the  -p re se n t 'p a p e r  to  ..the
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general t h e o r i e s ■of deform ation  tw inn ing  cannot be over­
emphasized. These th e o r i e s  -are based on th e  h y p o th e s is  t h a t  
the opera tive  tw inn ing  mode in  a g iven  s t r u c t u r e  i s  the  one 
with the sm a lle s t  sh e a r ,  c o n s is te n t  w ith  a sim ple s h u f f le  
mechanism. In  mercury t h i s  h y p o th es is  has been shown.to be 
violated in  a very  s t r i k i n g  wag' a s ,  o f  the  modes ■ in v o lv in g  no 
' shuffles, the  o p e ra t iv e  mode does no t have th e  sm a lle s t  sh e a r .  
The apparent u n d ers tan d in g  o f  th e  c ry s ta l lo g ra p h y  o f  d e fo rm a - ' 
tion tw inning which has developed in  r e c e n t  y e a rs  would thus 
seem to  be open to  s e r io u s  q u e s t io n in g .  Another im portan t 
feature of th e  r e s u l t s  is . t h a t  modes in  which h a l f  of th e  atoms 
must sh u ff le  a re  no t o p e ra t iv e ,  d e s p i te  the  f a c t  t h a t  one of  
these invo lves an e x c e p t io n a l ly  sm all sh e a r .  I t  thus  appears 
that s h u f f le s  can n o t be t o l e r a t e d  in  s in g le  l a t t i c e  s t r u c t u r e s  
even when a s s o c ia te d  w ith  modes having very  favourab le  sh e a rs .  
Deformation tw inn ing  of c r y s t a l l i n e  mercury has c e r t a in ly  
prayed to  be j u s t  as f a s c in a t in g  a to p ic  of s tudy  as th e  s l i p  
behaviour. In  b o th  cases  the. p re v io u s ly  re p o r te d  modes were 
incorrect and i t  i s  rem arkable t h a t  in  n e i th e r  case does th e  
operative mode conform to  the w e l l - e s ta b l i s h e d  th e o r ie s  o f  
these deform ation  mechanisms.
-  24 -
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Figure Captions
Figure 1 Surface f e a tu r e s  a s s o c ia te d  w ith  a tw in  T m eeting 
the su rface  of a c r y s t a l .  Diagram (a) shows th e  su rfa ce  
t i l t  0 and (b) ,  which i s  a p la n  view of th e  s u r f a c e , in d ic a te s  
the apparent sh e a r  s.
Figure 2 Three s e t s  of s t r a i g h t  s l i p  t r a c e s  S5 , fo u r
sets of tw ins T-j 9 Tp, ^3 » ^4 anc  ^ a se "k r i p p l e s  R, on the  
surface o f  a mercury c r y s t a l .  The sense o f  th e  su r fa c e  sh e a r  
associated w ith  each tw in  i s  in d ic a te d  by a p a i r  o f  arrows 
along the  tw in  t r a c e  and th e  sense of th e  su r fa c e  t i l t  by a 
transverse arrow p o in t in g  dow nhill.
Figure 3 ' S te reo g rap h ic  p ro je c t io n s  used in  an a ly s in g  th e
features of  th e  g r a in  shown i n  P i g .2. The s ta n d a rd  mercury 
p ro jec tion  i s  shown in  ( a ) ,  c ro sse s  and c losed  c i r c l e s  in d ic a t in g  
the poles o f  p lan es  and d i r e c t io n s  r e s p e c t iv e ly .  O r ie n ta t io n  I  
is shown i n  (b) and (d) and o r i e n t a t i o n , I I  in  (c) and ( e ) .
The poles of th e  £100} and {oil}, p lan es  a re  p lo t t e d  in  (b) and 
(c) and th e  p o le s  of th e  *{1353* p lanes in  "(d) and (e) and in  
a l l  fou r  cases  th e  normals to ^ th e  tw inn ing  t r a c e s  are  shown.
In a d d i t io n ,  i n  diagrams (b) and ( c )^ t he  p o le s  of th e  £111] 
planes and the  norm als to  the s l i p  t r a c e s  are  in d ic a te d .
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The t r a c e s  o f  th e  fo u r  tw ins and th e  po les  of the  o p e ra t iv e  
twinning p lanes  and d i r e c t io n s  a re  p lo t t e d  in  ( f ) .
F ig u re  4 . Approximate p lane o f  sh e a r  p lo t  i l l u s t r a t i n g  the  
atomic movements a s s o c ia te d  w ith  the '-f 1-35j 1 mercury tw inn ing  
mode. P aren t and tw in  atom s i t e s  a re  in d ic a te d  by c losed  
and open symbols r e s p e c t iv e ly .  The s ta c k in g  sequence o f  the 
plane of sh e a r  i s  f o u r - f o ld ,  s i t e s  i n  su c cess iv e  p lan es  being  
d is t in g u ish ed  by b a rs  a t  90° i n t e r v a l s .
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TABLE 1 P o ss ib le  Twinning Modes of  C r y s ta l l in e  Mercury.
!
{ K1 ; K2 T/1 l a S
j*-------
I 1 011 100 100 011 0.0 457
2 111
LTv 
! CA1 v- (a) ■o7i«(b > ?21 0*633
3 100 111 oTT 211 0*880
4 3?1 -*■
 1  <oa 
I (c) * 11 4 1 101 0*888
5 111 11? TT 2 ??2 0*901
6 11T 113 112 332 0-007
7 22x+ 22^~ 33o<~ 33ck+ 0-453
8 £ +22 jS~22 |S~33 P+33 0*453
The r a t i o n a l  approxim ations to  the  i r r a t i o n a l  e l e -  
Bents have been ob ta ined  by l e t t i n g  c - - / j  c The a lg e ­
braic ex p ress io n s  f o r  th e se  elem ents a re  
(a) ( - 1- 5c, - 1- c s 1- 3 c ) ;  (b) J--1-7C, - 2- 6c, 1-c l 
(a) ( 1.+c, - l - 5c,' - 1- c )  | (d) £ l - c ,  - 4~20c, -7 -1 7c] .
In ad d it io n  ex* = 2 [ ( - 1+9 c)±2 ( 57c2+6c+1 h j  ( l+7o)_1,
(3± = 2 [ ' (1 + 1 5 o ) ±2 ( 5 7 c2 + 6 c+1 4 ]  ( 1 - c ) -1  .
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TABLE 2 Comparison of Observed and P re d ic te d  T i l t s  and
Shears.
1
*1 ■
r ~  . , 
*2 t 3 t 4
0
tl 
o
I 
O
1 
OJ
Ij
1 7 ° < 3 ° 1 7 °
O b s e r v e d s 0 * 3 0 0 - 3 7 0 - 3 8 0 - 3 9
A s ± 0 - 0 2 ± 0 - 0 5 '" ± 0 * 1 5 + 0 - 0 5
0-1 ' 2 ° . 2 2 ° I
O
j
CM
I
_____
I
1 °
P r e d i c t e d ° 2
o00CM 1 4 °
'
4 ° 2 5 °
. ..... - ....... « s 2 i
0 . 3 0 0 - 3 8  ; 0 - 4 8 0 . 4 1
°< 1
1

315
i 12
153010
135 3S5
1 1 0SOS
513
x 111 S53100 531
211 351
531
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